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ABSTRACT. This paper deals with an inverse potential problem posed in two dimen-
sional space whose forward problem is governed by a modified Helmholtz equation. The
inverse problem consists in the reconstruction of a set of anomalies embedded into a
geometrical domain from partial measurements of the associated potential. Since the in-
verse problem, we are dealing with, is written in the form of an ill-posed boundary value
problem, the idea is to rewrite it as a topology optimization problem. In particular, a
shape functional is defined to measure the misfit of the solution obtained from the model
and the data taken from the partial measurements. This shape functional is minimized
with respect to a set of ball-shaped anomalies by using the concept of topological deriva-
tives. It means that the shape functional is expanded asymptotically and then truncated
up to the desired order term. The resulting expression is trivially minimized with re-
spect to the parameters under consideration which leads to a non-iterative second order
reconstruction algorithm. As a result, the reconstruction process becomes very robust
with respect to noisy data and independent of any initial guess. Finally, some numeri-
cal experiments are presented to show the effectiveness of the proposed reconstruction
algorithm.

1. INTRODUCTION

In this paper, we deal with an inverse potential problem in R? whose corresponding
forward problem is governed by a modified Helmholtz equation. The inverse problem
under consideration is about the reconstruction of a set of anomalies embedded into a
geometrical domain with the help of partial measurements of the associated potential.
This problem is motivated by applications in aerospace industry, geophysics and medical
science where scientists try to detect anomalies embedded in a medium by measurements
obtained from incident acoustic, elastic and electromagnetic waves [16]. In addition, an-
other motivation for the current investigation comes from the open problem mentioned
in [23, pp. 126, Problem 4.2], which has applications in semiconductor theory. According
to Kovtunenko and Kunisch [30], from the mathematical point of view, object identifica-
tion is an inverse problem which belongs to the field of shape and topology optimization,
system identification, and parameter estimation. A number of researchers have been stud-
ied this kind of inverse problem governed by different partial differential equations. See,
for instance, the works related to the Laplace [3, 11, 15, 22], Poisson [9, 10, 17, 24, 31],
Schrodinger [5], Helmholtz [12, 13, 18, 29, 30] as well as modified Helmholtz [26] equations.

Iterative or non-iterative approaches can be used for solving inverse problems consisting
in the reconstruction of an unknown number of geometric objects from given measure-
ments. Among a variety of methods, we want to draw the attention of the readers on

*Corresponding Author
Key words and phrases. Potential inverse problem, modified Helmholtz equation, topological deriva-
tives, topology optimization, non-iterative reconstruction method.
1



2

the level-set method and the methods based on asymptotic expansions. The level-set
method can be seen as a first-order iterative approach where a geometric test object is
reconstructed iteratively following a steepest descent direction of an objective function
8, 17, 24, 25]. With regard to the methods based on asymptotic analysis, we focus on
those devised from the concept of topological derivatives [38]. According to [36], the use
of the first-order topological derivative also leads to first-order iterative methods but in
contrast to the level-set methods, they are free of initial guess. The simultaneous use of
the first and second-order topological derivatives allows to devise a class of non-iterative
methods whose solutions are also independent on the initial guess [7, 19]. It motivates us
to solve the problem, we are dealing with, using higher-order topological derivatives.

In particular, let © C R? be an open and bounded domain with smooth boundary 0f2.
We consider a subset €2, of 2 where measurements of a scalar field of interest are taken.
As illustrated in Figure 1(a), there may be an unknown number (denoted by N* € Z*)
of isolated anomalies w; within the domain ©, i.e., there is a set w* = UY w?, with open
connected components w; which satisfy wf Nw? = @ for i # j and w; NIQ =0, w;NQ, =
for each i,7 € {1,--- , N*}.

of) of)

(a) (b)

FIGURE 1. (a) Domain € with a set of anomalies w* and (b) Domain
without anomalies.

We consider the domain 2 as a bounded region representing a medium which contains
a different substance within a subdomain w*. In this set up, the inverse problem consists
in finding k.« such that the potential z satisfies the following boundary value problem

—Az+kyz = 0 inQ,
z = g ondf,

(1.1)

where the given Dirichlet data ¢ is smooth and the parameter k- is defined as
_J 0 inQ\w
ko = { ko inw", (1.2)
with £ € R*.

Now, for an initial guess k., of k. -, we consider the potential u to be the solution to
the boundary value problem

{—Au+/€wu = 0 inQ, (1.3)

u = g ondS,



where

k in w.

kw:{o in 0\ w, (1.4)

The quantity k.« is unknown and hence z but we assume that z can be measured in
Q,. We would like to find k- with the help of measurements of z taken in ,. If we want
to look for an appropriate k-, we wish u to agree with z in €, i.e. we want u = z, .

The inverse problem (1.1) does not have a unique solution when we want to determine
both, the topology of w* and the value k. Let us observe this phenomenon through a
simple example. We consider a circular anomaly of radius p < 1 and material property
k centred into a unit disk in R?. For simplicity, we take g = 1 in the problem (1.3). By
introducing the polar coordinate system (r, ), one can observe that the solution does not
depend on 6. In fact, its explicit formula in terms of modified Bessel functions of the first
kind Iy and I is given by

o )\1[0(\/%7“) if 0 <r< P
“(T)_{ Nolnr+1 ifp<r<l. (15)
The constants A\; and Ay are such that
1 Li(VE k
A and g = 1(VRo) Vi (1.6)

~ I(VRp) — L(Vko)VEpInp L(Vkp) = L(Vkp)VEpInp

Notice that, for two different pairs (p1, k1) and (po, k), one can produce a unique Ao
using the second formula in (1.6). For example, if we take (pi, k1) = (0.5,1.0) and
(pa, ko) = (0.25,4.38), we get the unique Ay = 0.112 for both of the cases. In Figure 2, we
plot the profiles of both solutions u;(r) and us(r) from (1.5) corresponding to the pairs
(p1, k1) and (po, ko), respectively.
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F1GURE 2. Counter-example of lack of uniqueness when both, the topology
of w* and the material property k, are simultaneously unknown.



From the above example, it is clear that the inverse problem (1.1) cannot be solved
uniquely when both, the topology of w* and the material property k, are unknown simul-
taneously and the measurements are taken in €2,, away from the hidden anomalies. Hence,
in this article, we assume that the material property of the medium k is known and we
reconstruct the support of the anomalies w* with the help of the measurements of z taken
in ,. It is also well known that the inverse problem of finding w* in (1.1) for a given k
still leads to an ill-posed boundary value problem [23]. Therefore, the idea is to rewrite it
as a topology optimization problem. For this purpose, we consider a weaker formulation
of the inverse problem (1.1) which consists in solving the topology optimization problem

M
Migicrgize T (u'y - u) = Z/ (u™ — 2™)?, (1.7)
m=1 o
where M € Z* is the number of observations, 2™ denotes the measurement of the potential
in 2, and ™ denotes the solution of the boundary value problem (1.3) corresponding to
the Dirichlet data ¢g™ for m = 1,--- M. Notice that, the minimizer of the topology
optimization problem (1.7) produces the best approximation to w*, solution of the inverse
problem (1.1), in an appropriate sense. Since we are interested in approximating w* by
a set of ball-shaped anomalies, the unknown parameters involved in the minimization
problem (1.7) are given by the number of anomalies and their corresponding centers and
radii.

In particular, problem (1.7) is minimized with respect to a set of ball-shaped anom-
alies by using the concept of topological derivatives. It means that the shape functional
A (ul, o uM ) is expanded asymptotically and then truncated up to the desired order
term. The resulting expression is trivially minimized with respect to the parameters un-
der consideration which leads to a non-iterative second order reconstruction algorithm.
As a result, the reconstruction process becomes very robust with respect to noisy data
and independent of any initial guess.

The paper is organized as follows. In Section 2, the mathematical formulation of the
inverse potential problem is described as a topological optimization problem. In Section
3, some notations and auxiliary problems are introduced. The topological asymptotic
expansion of the shape functional is presented in Section 4, which is the main result of
this article. The a prior: estimates of the remainders, obtained in Section 4, are presented
in Section 5. The novel non-iterative reconstruction algorithm is devised in Section 6
and some numerical experiments showing the effectiveness of the proposed reconstruction
algorithm are presented.

2. TorPOLOGY OPTIMIZATION SETTING

The inverse problem (1.1) has been written in the form of a topology optimization
problem (1.7). Tt is well known that a quite general approach for dealing with such class
of problems is based on the concept of topological derivative, which consists in expanding
the shape functional 7, (ul, oo uM ) with respect to the parameters depend upon a set
of small inclusions. Since the topological derivative does not depend on the initial guess
of the unknown topology w*, we start with the unperturbed domain by setting w = (), see
Figure 1(b). More precisely, we consider



M
jb@%,n.,uy)::EZM/'(ug-sz, (2.1)
m=1 o
where u({’ be the solution of the unperturbed boundary value problem

—Aug® = 0 inQ,
uyt = g™ ond.

In this article, we are considering the topology optimization problem (1.7) for the ball-
shaped anomalies and hence we define the topologically perturbed counter-part of (2.2)
by introducing N € Z* number of small circular inclusions B, (x;) with center at z; € €
and radius ¢; for © = 1,--- , N. The set of inclusions can be denoted as

(2.2)

B (§) = U B-i () (2.3)

where ¢ = (r1,...,2y) and € = (e,...,en). Moreover, we assume that B. N 9Q = 0,
B.NQ, =0 and B, (z;) N B, (x;) = 0 for each i # j and 4, j € {1,---, N}. The shape
functional associated with the topologically perturbed domain is written as

J- (ui, . ,uéw) = Z/ (ul — zm)2 (2.4)

with u" be the solution of the perturbed boundary value problem

—Aul"+ku? = 0  in,
{ u® = g™ onofl, (2.5)
where the parameter k. is defined as
_ 0 mQ\B (),
“—{k in B. (¢). (2:6)

As mentioned earlier, the topological derivatives measure the sensitivity of the shape
functional with respect to the parameters (g, &) depending upon a set of small inclusions
B (&¢). Therefore, in this article, our idea is to obtain the number, radius and location
of the inclusions that produce the best approximation to the anomaly w* by using the
concept of topological derivatives.

3. NOTATIONS AND AUXILIARY PROBLEMS

The first term of the asymptotic expansion of a given shape functional with respect to
the small parameter which measures the size of singular domain perturbations, such as
holes, inclusions, source-terms, cracks, etc., represents the first-order topological deriva-
tive. This concept, introduced by Sokotowski & Zochowski [38] and further developed by
many authors [14, 20, 34, 37], can be seen as a particular case of the broader class of as-
ymptotic methods fully developed in the books by Ammari et al. [1] and Ammari & Kang
[4], for instance. See also related works [27, 32, 33]. For an account on the topological
derivative concept the reader may refer to the book by Novotny & Sokotowski [35]. In the
context of Helmholtz equation, the stability and resolution analysis for a imaging func-
tional based on the first-order topological derivative has been presented in [2]. The case
of high-order topological expansions for Helmholtz problems into two spatial dimensions
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has been studied in [28]. However, such an analysis is missing for the potential inverse
problem we are dealing with. On the other hand, one can define nth order topological
derivative. In fact, the second-order topological derivative concept started to play an
important role in the resolution of a class of inverse problems. In particular, it has been
successfully applied for solving the EIT [7, 19, 22] and gravimetry [9, 10] problems.

In general, an open and bounded domain 2 C R?, d > 2, is perturbed by introducing
nonsmooth features confined in a small region w. (§) of size € > 0 centred at £ € 2 such
that w. (§) C 2. We define a characteristic function having support in the unperturbed
domain Q of the form x = 1. Similarly, we introduce a characteristic function y. (&)
associated to the topologically perturbed domain. For example, in the case of holes as

the perturbation w. (§), we can write x. ({) = Lo — 17z and the singularly perturbed

domain can be represented by €. (§) = Q\w. (§). Further, one assumes that a given shape
functional 1 (y. (§)) associated to the topologically perturbed domain . (£) admits the
following topological asymptotic expansion

(X (€) = () + [ (e) Dry (&) +o(f (¢)), (3.1)

where 1 (x) is the shape functional associated to the reference (unperturbed) domain 2
and f (¢) is a positive function depending upon the size ¢ of the topological perturbation
such that f(¢) — 0 when ¢ | 0. The function £ — Drt (§) is called the first order
topological derivative of the shape functional ¢ at £&. Mathematically, we can express it

) e Y0 - P

Similarly, the second order topological derivative of the shape functional ¥ at £ can be
obtained by expanding the remainder term o (f (¢)) in (3.1). More precisely, we will get
the topological asymptotic expansion

(X (€) =¥ (xX) + £ (€) Drvp (€) + fa (€) D3 (€) + 0 (fa (€)), (3.3)
where f5 (£) is such that

(3.2)

. fale)
ll_):r% o~ 0. (3.4)

Thus, the second order topological derivative can be defined as

Y (xe (§) =¥ (x) — f(e) Dry (§)
f2(e) '

Furthermore, one can define higher order topological derivatives by arguing analogically.
M

In this article, we are interested in expanding the shape functional 7. (u;, ceeL Ul )

defined in (2.4) similar to (3.3). Therefore, we start by simplifying the difference be-

M

tween the perturbed shape functional 7. (u;, SRR T ) and its unperturbed counter-part

Jo (ug, -+ ,up") defined in (2.4) and (2.1), respectively, as follows

(3.5)

D3 (€) = lim

T(w) = Jow) = 3 [ [ =) -2 -] (30)

where u. = (ul, -+, ul") and ug = (ug, -+, ud’).
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Form =1,---, M, let us consider the following ansdtz to justify the asymptotic expan-
sion of u* with respect to the parameters corresponding to the small circular inclusions
as described in Section 2

ul (2) = ug' (z) + kY |Be, (@) [B5™ (2)

i=1

KDY Y IBe (@) 1B () B (2) + @l (), (3.7)

i=1 j=1

where | B, (z;) | is the Lebesgue measure (volume) of the two-dimensional ball B, (z;),
ie., |B., (x;)| = me?. Furthermore, for each i = 1,--- N and m = 1,--- , M, hi™ is the

solution of

m
Ug

ARE™ = =y
(\)Bexxm o)

em
hy™ =

in €,
on 0f).

(3.8)

We write h2™ as a sum of three functions p¢, ¢; and A5™. In other words,
™ = g () (0 + ¢i) + B (3.9)

where pf is a particular solution obtained by the convolution of |B.,(z)| ™" xp.,(z,) With
the kernel of the Laplacian. More precisely,
1

1
() = ——r —1 — z||dy. 1
p;i(z) 1B..(z1))| B (00 o og ||y — z||dy (3.10)

Outside the ball B, (z;), we can simplify (3.10) to obtain

1 .
pi(z) == pi(x) = gy log||z; — x| Vz e Q\ B, (z;). (3.11)
Observe that p;(z) does not depend on ¢;. Additionally, ¢; is the solution to the homoge-

neous boundary value problem

Ag = 0 in €2,
1 12
¢ = —ologlzi—al| onoQ 12
2T
and hS™ solves the boundary value problem
- ugt — uft(x;) .
Ah;™ 0 B, (v N,
) |Be ()] P (3.13)
™ =0 on 0.
Taking into account the decomposition (3.9), we can introduce the notations
hi ==p;+q¢ and h{:=p;+q (3.14)

with pf, p; as given in (3.10), (3.11), respectively. In (3.7), h;;" and @ are the solutions
of the following boundary value problems
AR™ 7@ - in
2'7' - XBe, (z; m 3z,
N |Be, () [P
hw’m = O on aQ,

(3.15)



and

{—Au\E +kau® = =0 inQ, (3.16)

u> = 0 on 0f),

£

respectively, for each i,7 =1,--- N and m =1,---, M. In problem (3.16), we have

N N N
:k?)ZZZ‘B% ;) || B, (20) |h5" X B, (1) (3.17)

i=1 j=1 I=1
To compact the notation, let us denote
a=(ay, --,ay) with o =B, (x;)], (3.18)

fori=1,---,N. Using (3.18), the expansion (3.7) will have the form

U™ (z) = +k‘Za,h5m +kQZZa,%ham )+ @™ (z). (3.19)

i=1 j=1

In order to simplify further analysis, let us introduce an adjoint state v as the solution
of the following auxiliary boundary value problem

—Av™ = (uft—2™)xq, inf,
{ v o= 0 on 0. (3.20)

4. MAIN THEOREM

In this section, we state our main result which describes the topological asymptotic
expansion of the perturbed shape functional in terms of the parameters related to N
number of ball-shaped inclusions as explained in Section 2.

Theorem 1. Let g;, h; fori=1,--- N and uj’, v™ form =1,--- M be the functions
defined in (3.12), (3.14) and (2.2), (3.20), respectively. Then, for the vector a introduced
n (3.18), we have the following asymptotic expansion for the topologically perturbed shape

functional Y(x-(§)) = J- (u.) defined in (2.4):

Y((6) = ¥(x) — 0 d(E) + G(€)a - ding(a @ loga) + sH(E)a-a+ofla’),  (41)

where ¥(x) = Jo (uo) is the topologically unperturbed shape functional from (2.1). More-
over, the vector d € RN, the matriz G € RN x RY and the Hessian matriz H € RY x RV
in the above expansion are defined as

M
d; =2k Z ug (zi)v™ (x;), (4.2)
k2



and
 l+4logn® , M . )
Hii = Tk mZ:luo (zz) 4k Zuo zz xz QZ(zz)
M
—EZVU{)”(:):,-)-va(xi)+2k22(ug"b(:vi))2/ h2, (4.4)
7Tm:l m=1 o

M
= —4k? Z ug (z)0" () hy () + 2k2 Z uom(xl)uom(xj)/ hihj, if i# 7, (4.5)
m=1 4

respectively, for ,7=1,---,N.

5. PROOF OF THE MAIN RESULT

The proof of Theorem 1 is demonstrated in three steps. Firstly, we develop the asymp-
totic expansion of the topologically perturbed shape functional. Next, we prove a prior:
estimates related to the auxiliary states hy™, h;™, h;"™ and al* for 4,j = 1,--- | N and
m = 1,---, M. Finally, in the last part of this section, the previously obtained results
are used to estimate the remainders appeared in the first step. These estimates justify
our topological asymptotic expansion (4.1).

5.1. Asymptotic development of the shape functional. Let us use (3.19) in (3.6),
to obtain

T- (us) — To (up) —QkZZaZ/ ™ (ugt — 2™)

m=1 i=1
M N N

+ 2k* Z Z Z ;0 / hii™ (ug' — 2™)

m=1 i=1 j=1

2222%%/ hamham+228€ L (5.1)

m=1 i=1 j=1 m=1 (=1

where

N N N
E(e) =2k Y ) o o / hi" (5.3)

i=1 j=1 I=1
N
€) :2kZa,/ amhe™, (5.4)
i=1 0
N N N N
EN (e) = k4ZZZZaiozjozlozp/ hi" )™, (5.5)
i=1 j=1 I=1 p=1 2o

N N
EF(e) =2k ) iy / arhg" (5.6)
X Qo
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and
£ (e) = / (a2, (5.7)

Now, let us introduce the weak formulation of the adjoint problem (3.20) to find v™ €
H} (Q) such that

/ Vo™ . Vn = / (ug* — 2™)m, Vn € Hy (). (5.8)
Q o
The weak formulations of (3.8) and (3.15) are to find 2™ € Hj () such that
1
V™ Vn=———F— u'n, Vn € Hy (Q) (5.9)
/Q | Be, () | Be, (x) 0 0
and hy;™ € Hg (Q) such that

1
Vh™ -Vn=———— hy™n, Vn € H; (), (5.10)
/Q ! 1B (20 | b e ’
respectively. By taking n = h;™ in (5.8) and n = v™ in (5.9) as test functions, we get
1
/ Ry (ugt — 2™") = ———— ugv™. (5.11)

|Be, (i) | Be, ()
Similarly, if we take n = hy;™ in (5.8) and = v™ in (5.10) as test functions, it gives

1
R (gt — 2™ = ————— RS O™, 5.12
S = =t o1
By using (5.11) and (5.12) in (5.1), we get
M N N
EATSEATTIETS 55 3 AT 35 9) 9oy AN A
m=1 i=1 €4 (ml m=1 =1 ]:1 BE'L('CB’L)
N N M6
wzzz O AR D) SLAC NG
=1 i=1 j=1 2 =1 /=1
Taking into account the notations (3.14), we get

J. () — Jo (uo) :—zkzz/ .

m=1 i=1

M N N M N
— 2k? Z Z Z ajul (x;) / hjo™ — 2k° Z Z aug () / hv™
m=1 i=1 j=1 Be,; (xi) m=1 i=1 Be; (zi)
JF#i
M N N
RIS qsogul () uf () / hih; + Zzgé . (5.14)
m=1 i=1 j=1 m=1 (=1

Here, the three new remainders are defined as

= —2k? ZZ%/ s ™ (5.15)

i=1 j=1 B, (2i)
JF#i
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- —2]52204@/ RSy (5.16)

= k? Z Z ;) / (uo ;) hjzjm + ol () hihi™ + ﬁfmﬁjm) . (5.17)

=1 j=1
We can simplify (5.14) further by noting the following:

(i) In the first and the second terms of (5.14), we can consider the Taylor’s expansions
of the functions (', v and h; around the point x;, namely,

ug' (z) = ug' (i) + Vug' () - (x — ;)
+ %VZUS” (z;) (x — ;) - (x — ;) + D*ul* () (z — x)*, (5.18)

0" () = 0™ (25) + VU (23) - (& — 23)
+ %Vzvm (z;) (x — x;) - (& — ;) + D*v™ (Z) (# — 2;)° (5.19)

and
h; (z) = h; (2;) + Vhy (2;) - (z — 2;) + D*h; (Z) (z — ;)7 (5.20)
where T is an intermediate point between x and xz;. Moreover, D" f(Z)(x — x;)",
n > 1, n € N, denotes the last nth term of the Taylor’s expansion of a function
f(z) around x;.
(ii) In the third term of (5.14), we can use the explicit form of the analytical part ps
of h5 inside the ball B, (z;).
Finally, after taking into account the above mentioned observations along with the

decomposition (3.9) with the fact that u{’ and v are harmonic outside ,, (5.14) takes
the form

9 M N
T (ue) — To (ug) = —2k Z Zaluo x) ™ (x;) — o Z Za? log v ug® (x;) v™ (x;)
m=1 i=1 m=1 i=1
1 + log7r Y& A
— =k Z Z a?ult (z;) v™ (z;) — 2k? Z Z a?uf (x) v™ (1) q; (5)
m=1 i=1 m=1 i=1
I M N N
Z Z a?Vul' (z;) - Vo™ (z;) — 2k Z Z Z a;aug’ (x5) 0™ (x;) by (x;)
m=1 i=1 m=1 i=1 j=1
J#
M N N M 19
HEDY SN iagug () ug (xj)/ﬂ hi(z) hy (z)+ > > &M (e). (5.21)
m=1 i=1 j=1 0 m=1 (=1

Now we have new remainders, namely,

EM(e) = —Qk;z / ) (Vg () - (x — ;)] [DPo™ (7) (v — 2,)°] (5.22)
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EM(e) = —2k Z / [D2ug () (v — ;)% [D*0™ () (v — 23)°] (5.23)
En () = —2k Z / (Vo™ (2;) - (2 — 2)] [D3uf (B) (v — 23)°] (5.24)
En(e) = —2k Z / m(@) (x — )" [DPo™ (2) (2 — 24)°] (5.25)

£ 6) = 2030 Y el ()07 (0 [ pn@e-nr. G
i=1 j=1 < (i)
J#i

Em (e) ——2k2§ :§ g () by () / D*™ (7)) (x — ;)% (5.27)
i=1 j=1 < (i)
J#i

£ (e ——%QZIZ%% ” / V@) =l VR () (=l (.29
7 -

™ (o) —-21&22%% . / e (v — 2)?] [D*h; @) (z — 2)?] . (5.29)
i=1 ]];ﬁi e \Ti

£ = 242303 o (o V[ = o @) (5.30)

m=1 i=1 61(%)

E(e) = —2k? Z Z aug (2 / pi(v™ =™ (). (5.31)

m=1 i=1 Bsi(wi)

5.2. Preliminary lemmas. In order to simplify the presentation, we denote all the
constants independent of ¢, ¢ and m as C for : = 1,--- /N and m = 1,--- , M, whose
value changes according to the place it is used.

Lemma 2. Fori=1,--- N andm =1,--- M, let ﬁfm be the weak solution of the
variational problem to find h™ € Hy (Q) such that

[ [ @ meH@). 63
Q |Be, (%) | B, (xi)
Then, there exists a positive constant C' independent of € such that

125 |y < Ced, Vi=1,---,N and m=1,---,M, (5.33)
for any 0 < §; < 1.
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Proof. By taking 7 = hi™ as a test function in (5.32), we have

/|th =B @ (:v)l . )(ug’"b—ug”(:zi))iz?’m. (5.34)

From the Cauchy-Schwarz inequality and the interior elliptic regularity of the function
ug’, there exists a positive constant C' independent of ¢, ¢ and m such that

JIVRmE < O = el Vi,
< Cele — aill ) |0 2., < ClUBE™ |L2(s.,)- (5.35)
Notice that, Holder inequality and the Sobolev embedding theorem can be used to derive

1B ™ 2.,y < Cet RS ™ | 2w(s.,) < CeXNRE™ ey, (5.36)

for any 1 < ¢ < oo with 1/p+1/q = 1. Let us denote §; = 1/g which implies 0 < ¢; < 1.
Using (5.36) in (5.35), we get

[ < e e, (5.37)

From Poincaré inequality, we have
Il < [ 1VBEE (5.38)
Combining (5.34)-(5.38), we get the required estimate (5.33). O

Corollary 3. Fori,j = 1,--- N and m = 1,--- , M, let h>™ be the weak solution of
(5.32). Then, there exists a positive constant C' independent of € such that

1B ™ | 2p. ) < Celef, Viyj =1, N and m=1,- M, (5.39)
for any 0 < 6;,6; < 1.

Proof. Similar to (5.36), from Holder inequality and the Sobolev embedding theorem, we
get

7em dj(17em 05 5

177" | 22(s.,) < Cef W™ o) < Cefel, (5.40)
for any 0 < ¢;,0; < 1. We obtain the last inequality by using Lemma 2. Hence the
fact. OJ

Lemma 4. Fori,j=1,--- ,N and m = 1,--- , M, let h;"™ be written as (3.9). Then,
there exists a positive constant C' independent of € such that

155 2p.,) < Cleilloges] + 7%, (5.41)
e,m '5j . . .
W™ 2.y < Cleg+eled), if i#j, (5.42)

forany 0 <¢;,0; <1l withi,j=1,--- ,Nandm=1,--- M.

Proof. From the decomposition (3.9) and the triangular inequality, we have

15" [ r2a.,) < € (Hp;:HLZ(ng) + llaill 2.,y + ||h§’m||L2(ng)) : (5.43)
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The explicit form of the analytical part pf in (3.10) and (3.11) together with the interior
elliptic regularity of function ¢; and Corollary 3 allow us to derive

||h§7m||L2(Bsi) S C(€Z| log 62“ +&; + 8?6i), (544)
£,m . 5j . . .
1™ 2.,y < Cleg + ele?), if i#j, (5.45)

which leads to the required estimates (5.41) and (5.42), respectively, for any 0 < §;,0; < 1
withi,7=1,--- ,Nand m=1,--- , M. ]

Lemma 5. Fori = 1,--- ,N and m = 1,--- M, let h;™ be the weak solution of the
variational problem (5.9). Then, there exists a positive constant C' independent of € such

that
155 |10y < C(V/[Togei] + €073, (5.46)

i

foranyO0< ;<1 withi=1,--- N andm=1,--- /M.
Proof. By taking n = h;™ as a test function in (5.9), we have

1
|vhf,m|2 — umh‘;’m. (547)
/;2 |B€z (xl) | Be, (z4) ’

From the Cauchy-Schwarz inequality together with the interior elliptic regularity of the
function u{’ and Lemma 4, we obtain

/Q VAR < Ol o

hi™ 2 (s.,)

< Cgi—luhijLQ(BEi) < C(|loge;| + 5f5i‘1)- (5.48)
From the Poincaré inequality, we have

i < [ 1B (5.49)
Combining (5.47)-(5.49), we get the required estimate (5.46). O

Lemma 6. Fori,j =1,--- N andm = 1,--- | M, let hi;" be the weak solution of the
variational problem (5.10). Then, there exists a positive constant C' independent of € such
that

1A ) < Ced (| loge;| 4+ €27, (5.50)
W ey < CeXM1+eM71el), if i# ], (5.51)

forany 0 <¢;,0; <1l withi,j=1,--- ,Nandm=1,--- M.
Proof. By taking 1 = hy;™ as test a function in (5.10), we have

1
REm2 — .~ he RS, 5.52
/QIV i | Be, @) Joy @ Y (5.52)

From the Cauchy-Schwarz inequality, we obtain

/Q VR < OB ™ | 2.

h;"mHLQ(Bsi)- (553)
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By using Lemma 4, we can write
VRGP < Cei'(|loges| + €271 [1BG™ |2 s, (5.54)
/Q|Vh‘?’.m|2 < Ce _1(1+€ i~lg ) ||h€]’~m||L2(BEi), it i+ 7. (5.55)

Notice that, Holder inequality and the Sobolev embedding theorem can be used to derive

YURS™ e, (5.56)

155 1128y < Cei 105 s, <

for any 1 < ¢ < oo with 1/p+1/q = 1. Like earlier, let us denote ¢; = 1/¢ which implies
0 < §; < 1. Using (5.56) into (5.54) and (5.55), we get

LR < cebtlogal+ <) 1 e, (5:57)
1= m i — ;— 5j g,m . . .

/ VRSP < Cei (14l ') (| my, i i # J. (5.58)

From Poincaré inequality, we have
Cl i < [ 1VB"E (559
Combining (5.57)-(5.59), we get the required estimates (5.50) and (5.51). O
Lemma 7. Form =1,--- M, let u* be the weak solution of the variational problem to

find @™ € H} (Q) such that
/ valt-Vn+ / k.al'n = —/ d™y, Vn € H(Q), (5.60)
Q Q Q

where T is given by (3.17). Then, there exists a positive constant C' independent of €
such that

N
la @) < C Y el (@ logai| + 7 + 6 +e8 71T, (5.61)
irj,l=1
for any 0 < 6;,0;,0, <1 withi,5,l=1,---,Nandm=1,---, M.

Proof. By taking n = 4" as a test function in (5.60), we have

/|va;“\2+/ |al? = /@;ﬂa;ﬂ. (5.62)
Q Q

From the Cauchy-Schwarz inequality, we obtain

N N N
Jware [ e < o3 i lew, X S S ew,. 6.6
=1

i=1 j=1

From Poincaré inequality, we have

Ol 2 < / Varf? + / kol . (5.64)
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Using this fact with the Holder inequality and the Sobolev embedding theorem in (5.63),
we get

N N N
~ 6 -~ ’
[ A ngf Nl Y Y eteslhg ™ e

i=1 j=1

< C Z et (2 loge| + e 4 2 4 8T [ | iy (5.65)
i,5,0=1

We use Lemma 6 to derive the second inequality of (5.65), which holds true for any
0<6;05,0 <1withé,j,l=1,---,Nand m=1,---, M. Hence the fact. O

5.3. A priori estimates of the remainders. We shall prove that &" (¢) = o (|e]?) for
¢=1,...,19, where |¢| :== e, + -+ + ey. For simplicity, we use the symbol C' to denote
any constant independent of . The estimate for the remainders are obtained in two steps.
We start by using the Cauchy-Schwarz inequality, then

e for the remainders )" (¢), £ = 1,...,9, we use the appropriate lemmas of Section
9.2;
e for the remainders & (¢), £ = 10,...,18, we use the fact |z — z[[}2p ) =

O(|e|™*1), where n € Z7;
e for the remainder £]§ (¢), we use the estimate of the explicit solution p5 in the ball
B., (z;) fori=1,--- N.

Proceeding in this way, we obtain
@) < Cllallm@nllug = 2"lm@,) < Clallm@ =o ('), (5.66)

for any 2/5 < 0 < 1, where we have used Lemma 7;

N N
€5 ()| < Clel® Y > Ih5 " llance Z 1y ey = o (lel*) . (5.67)

i=1 j=1

for any 1/8 < 0 < 1, where we have used Lemmas 5 and 6;

N
& (&) < ClelPllal ) Y 1K™ ) = o (lel*) (5.68)

for any 1/12 < 6 < 1, where we have used Lemmas 5 and 7;

N N N N
EF (@)1 < Clel* YD I ey Do D kgl = o (Iel*) (5.69)

i=1 j=1 =1 p=1

for any 0 < 0 < 1, where we have used Lemma 6;

\55”(6)\SC\6\4||ﬂ?IIH1<Q>ZZIIh "l = o (lel") (5.70)

for any 0 < 6 < 1, where we have used Lemmas 6 and 7;

&5 (&) | < Cllal || m @ a2 | ar) = o (le]*) (5.71)
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for any 0 < 6 < 1, where we have used Lemma 7;

N N
7 () < CleP> D A l2s.,) = o (lel*) (5.72)
i=1 j=1
j#i

for any 1/2 < § < 1, where we have used Corollary 3 together with the interior elliptic
regularity of functions v™;

N
€5 ()| < Clel® Y I ™ 2., = o (Ie]*) (5.73)

i=1

for any 1/2 < § < 1, where we have use the same arguments as before;

N N
€5 @)1 < Clel Y0 > (1™ larscon + W™ oy + W5 ™l I35 ™y ) = o (1el)

=1 j5=1
(5.74)
for any 0 < 6 < 1, where we have used Lemma 2;
N
Ep ()] < CZ |z — 931'||L2(Bgz.)||95 - il?i||?i2(35i) = O(le]°); (5.75)
i=1
N
ER )] < O e —zilliae.le — @illiae.,) = O(el); (5.76)
i=1
N
EBE)] < O lle = wlliam o — il = OUel); (577
i=1
N
€5 ()] < OZ |z — 93i||?i2(35i)||95 - il?i||?i2(35i) = O(le*); (5.78)
i=1
N
E @) < Cle Y lle = ill iz 1l 2., = Oel®):; (5.79)
i=1
N
EB )] < ClelY ] e — illfapm ) 11z, = Oel’); (5.80)
i=1
N
ER @) < CleP Y e = willalle = willia.y = O (5:81)
i=1
N
ER )] < ClePY ] e —william, e — ziliz ., = Oel®). (5.82)
i=1
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Finally, the last two remainders can be estimated as follows

N
ER @) < CleP Y llgv™ — gle)o™ @)l 2. 1 l2.,)
i=1

N
< ClePY ] e =il = O(eP):; (5.83)
1=1

N
€5 @) < CleP Y Il o™ = o™ (@) 2,
1=1

N
< Olef? Zfz| loge;| [lz — $i||L2(le.) = o(le["). (5.84)

=1
6. NUMERICAL RESULTS

The expression on the right-hand side of (4.1) depends on the number of anomalies N,
their sizes o and locations £. Thus, from (4.1), we can define

0J(o,§,N) = —a- d(§) + G(§)a - diag(a ® log ar) + %H(ﬁ)a S (6.1)

The derivative of the function §J(«, &, N) with respect to the variable « yields the first
order optimality condition

(DadJ, B) = [(H(£) + G(§)) a + 2G(§)diag(a @ loga) = d(§)] - =10, V3,  (6.2)
which leads to the non-linear system of the form
(H(§) + G(£)) a + 2G(&)diag(or @ log ar) = d() (6.3)

with the entries of the vector d € RY and the matrices G, H € RY x RY defined in (4.2),
(4.3) and (4.4)-(4.5), respectively.

The quantity «, solution of (6.3), becomes a function of the locations £, namely a =
a(€), and its value is obtained by using the Newton’s method. Let us now replace the
solution of (6.3) into 0.J(«, &, N) defined by (6.1). Therefore, the optimal locations &*
can be trivially obtained from a combinatorial search over the domain €2, solution to the
following minimization problem

¢ = angin {47(0(©), € ¥) = 3 (@) + G(Oa() - a(©} . (64)
where X is the set of admissible anomalies locations, and the optimal sizes are given by
a* = a(&¥). In summary, for a given N number of anomalies, our method is able to find
their optimal sizes o* and locations £* in a non-iterative scheme. When the number of
anomalies N* is unknown, we can start our algorithm based on an assumption that there
exists N > N* and then we should find a (N — N*) number of trial balls with negligible
sizes (see [19]). Since a combinatorial search over all the n-points of the set X has to
be performed, then this exhaustive search becomes rapidly infeasible for n > N as N
increases [31]. In addition, the proposed method approximates the unknown set of hidden
anomalies by several balls which can be seen as a limitation of our approach. However, it
can be used to get a good initial guess for more sophisticated iterative approaches based
on level-sets methods [6, 21, 24], for instance. In order to deal with a high number of



19

anomalies we refer to [31] where a multi-grid strategy has been proposed. The above
procedure written in pseudo-code format can be found in [31]. For further applications of
this algorithm we refer to [9, 10, 19, 36], for instance.

Now, we present some numerical examples in order to demonstrate the effectiveness
of the method proposed in the earlier sections of this paper. We consider the geometric
domain Q = (—0.5,0.5) x (—0.5,0.5) which is discretized using three-node finite element
scheme. The mesh is generated as a grid of 160 x 160 squares. Each square is divided into
four triangles which leads to 102400 number of finite elements. The subdomain €2, C
where the measurements of the potential are taken is defined differently for each example
given below. Considering the mesh and the subdomain €2,, we define a uniform subgrid
with a set of feasible nodes X within which a combinatorial search is performed in order
to find the optimal size o* and the appropriate center £* of the embedded anomalies.
Moreover, we define three functions to be considered as Dirichlet data on the boundary
0Q, namely, g' = 1, ¢g> = x and ¢ = y. In the Figures 4-9, we represent anomalies by
black, the subdomain €2, by gray and the remaining domain Q \ Q, by white colors.

6.1. Example 1: Sensitivity with respect to the material property. In this exam-
ple, we analyse the sensitivity of the reconstruction of the anomalies when different values
of the parameter k are considered. Suppose that, there is a small anomaly w* located at
z* = (0,0), with radius ¢* = 5 x 107%. The potential is measured in Q, = Q\ B,(0,0)
with B,(0,0) = {z € R? : ||z|| < p}, where p = 0.3. In the current setting, we take only
one observation produced by the Dirichlet data g'. We reconstruct the anomaly w* by
considering k& = 10° with s € {—4,-3,—-2,—1,0,1,2,3,4}. The combinatorial search was
conducted on the subgrid of 57 nodes within Q\ €2,. We successfully find the exact location
of the center z* of the anomaly w* for all values of k. We plot the size of the anomaly &*
on vertical axis against the value of k on horizontal axis in Figure 3. We observe that the
exact radius €* of the anomaly was accurately predicted by £* with & € (0, 10], while for
k > 10 the radius €* was underestimated. This phenomena occurs because the parameter
k present in topological derivatives and the coefficient o are of similar order in equation
(4.1). Hence, we take k = 1 for the forthcoming examples.

x1073

45 .

4+ -

3.5 4

3, .

2.51- | | | | | | |
10* 103 102 10t 10° 10" 1072 103 k 10*

B

FiGURE 3. Example 1: The approximated solution £* for different values of k.
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6.2. Example 2: Sensitivity with respect to the set of admissible locations.
Here, the sensitivity of the reconstruction with respect to the set of admissible locations
X is investigated. For this purpose, we consider the target anomaly as a circular region
with radius * = 0.05 and center located at z* = (—0.2125,0.1625). The subdomain €, is
given by a closed region around the target anomaly. The domain €2, subdomain €2, and
anomaly w* are illustrated in Figure 4. Like in Example 1, we take only one observation
produced by the Dirichlet data g'. Three subgrids within Q\ €, are considered as the set
of admissible locations X. The first two with 113 and 481 points, respectively, such that
x* ¢ X. The third subgrid has 1985 points, but with z* € X. The results associated with
each subgrid are respectively shown in Figures 5(a)-5(c). From a qualitative comparison
of the results presented in Figure 5, it can be seen that the more the subgrid is refined the
better is the reconstruction. In particular, when z* ¢ X (the center of the target does not
coincide with any point of the subgrid), the algorithm returns a location z* in X which
is closest to z*, as shown in Figures 5(a) and 5(b). Finally, when z* € X, the algorithm
is able to return the exact location of the anomaly, as can be seen in Figure 5(c). In
all cases, the resulting radius €* is very close to the true value €*. See the quantitative
results in Table 1. From this example we confirm that our algorithm can be used to
produce a good and reliable initial guess to other well-known reconstruction methods, as
expected. In the forthcoming examples, we assume that the center of each anomaly to be
reconstructed coincides with one point of the subgrid X.

F1GURE 4. Example 2: Target.



(a) subgrid of 113 points

(b) subgrid of 481 points

2
J

X

20 IXIXIXIDN]
ZOZOZOZOZOZTO

02003

720

XXX
X
K

0

X

P
X

OO
I
2000

3
X

J
J

DO X
DO

04

%
0

03

DXIXXIXIXXIXIXIX]
DOSOZOOZOILNN

020
IS
DX

D%
XXX

20020200
o
]
X

0%¢
XX

5

20
X

%

B

X
!
0

9
B>
DX

g

B
>
X

XX

PRI
XX
02024

X1

g

0
O

ZOZOZOZOZOZOTON
XXX XXX
XDRDX DRI

0

]
R

(c) subgrid of 1985 points

FIGURE 5. Example 2: Result obtained (left) and a zoom of the solution
(right) for each set of admissible locations X. The red and black circles
represent the solution and the target, respectively.
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TABLE 1. Example 2: Results obtained for different set of admissible loca-

tions X
Number of points of the subgrid
113 481 1985
. 2" (=0.25,0.15) (—0.225,0.175) (—0.2125,0.1625)
e 0.0480 0.0490 0.0496

6.3. Example 3: Sensitivity with respect to the number of observations. Recon-
struction of two anomalies of different sizes is demonstrated in this example. Two circular
regions wj and wj located at 2 = (—0.1,0.2) and x5 = (—0.3, —0.3) with radii e} = 0.02
and 5 = 0.05, respectively, are considered as the target anomalies. The subdomain 2, is
given by a circular region within 2. The reference domain €2, subdomain €2, and target
anomalies w; and wj are shown in Figure 6. A subgrid of 156 points is defined as the
combinatorial search region inside the subdomain 2\ 2,. We start by considering only one
observation associated with the Dirichlet data g After comparing Figures 6 and 7(a),
we observe that the algorithm fails in reconstructing the target domain. This happens
because of the lack of information. Therefore, we improve the number of measurements by
considering all the Dirichlet data g*, g* and ¢* simultaneously. In this case we obtain the
centers x7 = (—0.1,0.2) and 23 = (—0.3, —0.3) with the associated radii e} = 0.0195 and
€3 = 0.0491 of the target anomalies w; and wj, which are approximately equal to the true
values 7 and €5, respectively. We demonstrate the numerical result in the Figure 7(b).
We conclude by noticing the need of more than one observation in the case of insufficient
information. This motivates us to collect data through three boundary excitations g*,
¢ and ¢® in the forthcoming example of reconstructing three anomalies simultaneously
which is the case when we have comparatively less information.

FIGURE 6. Example 3: Target.
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(a) M =1 (b) M =3
F1GURE 7. Example 3: Results.

6.4. Example 4: Sensitivity with respect to partial noisy data. Reconstruction
of three embedded anomalies is demonstrated in this example. Additionally, we verify
the robustness of the method proposed in the earlier part of this paper with respect to
the noisy data. Three circular regions with centers located at 7 = (—0.2,0.2), z} =
(—0.1,-0.3), 5 = (0.3,0.1) and with radius e} = €5 = €5 = 0.05 are considered as the
target anomalies. In the current setting, we take measurements in the subdomain €2, which
is an union of four small regions in the neighborhood of the corners of the square domain
. The domain €2, subdomain €2, and three anomalies wj, w; and wj; are illustrated in
Figure 8. Here, we consider, the subgrid for the combinatorial search inside the subdomain
Q\ Q, which consists of 177 uniformly distributed nodes. In order to obtain the noisy
synthetic data, the parameter k.- is replaced by kfl.(z) = ku- () + p7(2)|[ko+ (@) | 120,
where 7(z) is a random variable taking values in (0,1) and u corresponds to the noise
level. The results obtained for different levels of noise are shown in Figure 9. It can
be seen in Figure 9(a) that the anomalies are reconstructed accurately in the absence of
noise. By comparing Figures 9(b)-9(c), we can observe that the reconstruction scheme
proposed in this paper works efficiently up to 40% of noise in the parameter k,-. For
more noisy input, though we are not sure about the accuracy but the functionality of the
proposed scheme is ensured which can be observed in the Figure 9(d).

4 ~N

h A

FIGURE 8. Example 4: Target.
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FIGURE 9. Example 4: Target (left) and the respective result (right) for

different levels of noise.
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