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Abstract. In this paper the topological derivative concept is applied in the context of compliance topology
optimization of structures subject to design-dependent hydrostatic pressure loading under volume constraint.
The topological derivative represents the first term of the asymptotic expansion of a given shape functional
with respect to the small parameter which measures the size of singular domain perturbations, such as holes,
inclusions, source-terms and cracks. In particular, the topological asymptotic expansion of the total potential
energy associated with plane stress or plane strain linear elasticity, taking into account the nucleation of
a circular inclusion with non-homogeneous transmission condition on its boundary, is rigorously developed.
Physically, there is a hydrostatic pressure acting on the interface of the topological perturbation, allowing
to naturally deal with loading-dependent structural topology optimization. The obtained result is used in
a topology optimization algorithm based on the associated topological derivative together with a level-set
domain representation method. Finally, some numerical examples are presented, showing the influence of the
hydrostatic pressure on the topology of the structure.

1. Introduction

The topological derivative measures the sensitivity
of a given shape functional with respect to an infin-
itesimal singular domain perturbation, such as the
insertion of holes, inclusions, source-terms or even
cracks. The topological derivative was rigorously in-
troduced by Soko lowski and Żochowski (1999). Since
then, this relatively new concept has proved to be
useful in the treatment of a wide range of physical
and engineering problems such as topology optimiza-
tion, inverse problems, image processing, multiscale
material design, fracture mechanics sensitivity anal-
ysis and damage evolution modeling. For a compre-
hensive account on the topological derivative concept
and its applications see, for instance, the book by
Novotny and Soko lowski (2013).

In this work the topological derivative concept is
applied in the context of topology optimization of
structures subject to design-dependent hydrostatic
pressure loading. The basic idea consists in mini-
mizing the structural compliance under volume con-
straint. In particular, the topological asymptotic ex-
pansion of the total potential energy associated with
plane stress or plane strain linear elasticity, taking
into account the nucleation of a circular inclusion
with non-homogeneous transmission condition on its
boundary, is rigorously developed. Physically, there
is a hydrostatic pressure acting on the interface of
the topological perturbation, allowing to naturally

deal with loading-dependent structural topology op-
timization. The obtained result is used in a topology
optimization algorithm based on the associated topo-
logical derivative together with a level-set domain
representation method as proposed by Amstutz and
Andrä (2006). Finally, some numerical examples are
presented, showing the influence of the hydrostatic
pressure on the topology of the structure.

Topology optimization of structures subject to
design-dependent pressure loading has been already
treated in the literature by using standard ap-
proaches, such as SIMP (Hammer and Olhoff, 2000;
Chen and Kikuchi, 2001; Sigmund and Clausen,
2007; Gao and Zhang, 2009; Lee and Martins, 2012;
Wang et al., 2016) or level-set methods (Q. Xia and
Shi, 2015). See alternative formulations proposed
by Fuchs and Shemesh (2004) and Du and Olhoff.
(2004a,b). We also note that the topological deriva-
tive with respect to the nucleation of holes or inclu-
sions endowed with homogeneous conditions is known
in the literature. Its applications in the context of
topology optimization of structures can be found in
many references. See, for instance, the works by Am-
stutz and Novotny (2010); Céa et al. (2000); Gar-
reau et al. (2001); Norato et al. (2007). In addition,
topological asymptotic analysis taking into account
non-homogeneous conditions on the boundary of the
holes has been derived by Novotny et al. (2003), for
instance. On the other hand, there are no results con-
cerning non-homogeneous transmission conditions on
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the interface of the topological perturbation. There-
fore, the topological asymptotic analysis with respect
to the nucleation of an inclusion submitted to hydro-
static pressure is new and represents the main con-
tribution of this work.

The paper is organized as follows. The topological
derivative concept is introduced in the beginning of
Section 2. The mechanical problem we are dealing
with is presented in Section 2.1. In Section 2.2 we
provide arguments concerning existence of the asso-
ciated topological derivative. Its closed form is rigor-
ously derived in Section 2.3. Then, some numerical
experiments are driven in Section 3. Finally, the con-
cluding remarks are presented in Section 4.

2. Topological Sensitivity Analysis

Let us consider an open and bounded domain
D ⊂ R

2 with a Lipschitz boundary ∂D, which is
subject to a nonsmooth perturbation confined in a
small region Bε(x̂) of size ε centered at an arbitrary
point x̂ ∈ D, as shown in the sketch of Figure 1.
We introduce a characteristic function x 7→ χ(x),
x ∈ R

2, associated with the unperturbed domain,
namely χ = 1D, such that:

|D| =

∫

R2

χ, (2.1)

where |D| is the Lebesgue’s measure of D. Then,
we define a characteristic function associated with
the topologically perturbed domain of the form x 7→
χε(x̂;x), x ∈ R

2. In the case of a perforation, for
example, χε(x̂) = 1D − 1Bε(x̂), and the perforated

domain is obtained as Dε(x̂) = D \ Bε(x̂). Then,
we assume that a given shape functional ψ(χε(x̂)),
associated with the topologically perturbed domain,
admits the following topological asymptotic expan-
sion:

ψ(χε(x̂)) = ψ(χ) + f(ε)DTψ(x̂) + o(f(ε)), (2.2)

where ψ(χ) is the shape functional associated to the
original domain, that is, without perturbation, f(ε)
is a positive function such that f(ε) → 0 when
ε → 0 and o(f(ε)) is the remainder. The function
x̂ 7→ DTψ(x̂) is called the topological derivative of ψ
at x̂. Therefore, this derivative can be seen as a first
order correction of ψ(χε(x̂)). In fact, after rearrang-
ing (2.2) we have

ψ(χε(x̂)) − ψ(χ)

f(ε)
= DTψ(x̂) +

o(f(ε))

f(ε)
. (2.3)

The limit passage ε→ 0 in the above expression leads
to the general definition for the topological derivative,

namely

DTψ(x̂) = lim
ε→0

ψ(χε(x̂)) − ψ(χ(x))

f(ε)
. (2.4)

It is worth to mention that the topological derivative
is defined through a limit passage when the small pa-
rameter governing the size of the topological pertur-
bation goes to zero (2.4). However, it can be used as
a steepest-descent direction in an optimization pro-
cess like in any method based on the gradient of the
cost functional.

2.1. Problem Statement. Let us decompose D
into two subdomains ω ⊂ D and D \ ω. The subdo-
main Ω := D\ω represents an elastic and deformable
region, while ω is filled by a very compliant material.
In addition, the region ω is subject to a hydrostatic
pressure. The minimization problem we are dealing
with can be defined in the following way:

{

Minimize
Ω⊂D

− Jχ(u)

subject to |Ω| ≤M,
(2.5)

where the shape functional Jχ(u) is given by the total
potential energy of the system, |Ω| is the Lebesgue’s
measure of Ω and M represents the required volume
at the end of the minimization process. The volume
constraint is trivially imposed by using a linear pe-
nalization approach. For more elaborate strategies,
see for instance the work by Campeão et al. (2014).
In particular, the constrained optimization problem
(2.5) is replaced by the following unconstrained opti-
mization problem:

Minimize
Ω⊂D

Fχ(u) = −Jχ(u) +m |Ω| , (2.6)

where m > 0 is a fixed multiplier used to impose the
volume constraint of elastic material. This means
that the shape functional to be minimized is the
strain energy stored into the structure with a vol-
ume constraint. In other words, the total potential
energy Jχ(u) is written as:

Jχ(u) =
1

2

∫

D
σ(u) · ∇us

−

∫

ΓN

q · u−

∫

ω

p div(u), (2.7)

where the vector function u is the solution of the fol-
lowing variational problem: Find u ∈ U , such that

∫

D
σ(u) · ∇ηs =

∫

ΓN

q · η

+

∫

ω

p div(η), ∀η ∈ V. (2.8)
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Figure 1. The topological derivative concept.

Some terms in the above variational equation require
explanation. The Cauchy stress tensor is given by

σ(u) = ρC∇us, with ∇us =
1

2
(∇u+ ∇u⊤), (2.9)

where the parameter ρ is defined as

ρ = ρ(x) :=

{
1 if x ∈ Ω,
ρ0 if x ∈ ω,

(2.10)

with 0 < ρ0 ≪ 1 used to mimic the voids. The elas-
ticity tensor C is given by

C = 2µI + λI ⊗ I, (2.11)

where I and I are respectively second and fourth iden-
tity tensors, µ and λ are the Lamé’s coefficients, both
constants in all domain. In particular, we have:

µ =
E

2(1 + ν)
, λ =

νE

1 − ν2
and λ∗ = λ

1 − ν

1 − 2ν
,(2.12)

where λ and λ∗ are associated with plane strain and
plane stress assumptions, respectively. In addition,
E is the Young’s modulus and ν the Poisson’s ratio.
The set U and the space V are respectively defined
as:

U :=
{

ϕ ∈ H1(D) : ϕ|ΓD

= u
}

, (2.13)

V :=
{

ϕ ∈ H1(D) : ϕ|ΓD

= 0
}

. (2.14)

Furthermore, ∂D = ΓD∪ΓN with ΓD∩ΓN = ∅, where
ΓD and ΓN are respectively Dirichlet and Neumann
boundaries. Thus, u is prescribed displacement on
ΓD and q is prescribed traction on ΓN . Finally, p is
a given hydrostatic pressure assumed to be constant
in ω ⊂ D. See Figure 2. The strong formulation as-
sociated with the variational problem (2.8) is given
by: Find u, such that:







divσ(u) = 0 in D,
σ(u) = ρC∇us,

u = u on ΓD,
σ(u)n = q on ΓN ,

[[u]]
[[σ(u)]]n

=
=

0
−pn

}

on ∂ω,

(2.15)

where the operator [[ϕ]] is used to denote the jump
of the function ϕ on the interface ∂ω, namely [[ϕ]] =
ϕ|Ω − ϕ|ω on ∂ω. The transmission condition on the

interface ∂ω comes out from the variational formula-
tion (2.8).

The topological perturbation we are dealing with
consists in nucleating a small inclusion with non-
homogeneous transmission condition on its interface.
Such a topological perturbation is called pressurized
inclusion.

Let us introduce the topologically perturbed coun-
terpart of the problem we are dealing with. The idea
consists in nucleating a circular inclusion, denoted by
Bε(x̂), of radius ε and center at the arbitrary point

x̂ ∈ D, such that Bε(x̂) ⊂ D. We assume that Bε(x̂)
is submitted to a hydrostatic pressure loading, which
leads to a non-homogeneous transmission condition
on the interface ∂Bε(x̂). See sketch in Figure 3. In
this case χε(x̂) in defined as follows:

χε(x̂) = 1D − (1 − γ)1Bε(x̂), (2.16)

where γ = γ(x) is the contrast in the material prop-
erties. From these elements, we define a piecewise
constant function of the form

γε = γε(x) :=

{
1 if x ∈ D \Bε,
γ if x ∈ Bε.

(2.17)

The shape functional associated with the topologi-
cally perturbed problem is denoted by Jχε

(uε), where

Jχε
(uε) =

1

2

∫

D
σε(uε) · ∇u

s
ε −

∫

ΓN

q · uε

−

∫

ω

p div(uε) − κ

∫

Bε

p div(uε), (2.18)

with the vector function uε solution of the following
variational problem: Find uε ∈ U , such that

∫

D
σε(uε) · ∇η

s =

∫

ΓN

q · η +

∫

ω

p div(η)

+ κ

∫

Bε

p div(η), ∀η ∈ V. (2.19)

Some terms in the above equation require explana-
tion. The Cauchy stress tensor σε(uε) = γεσ(uε),
where γε is given by (2.17). The hydrostatic pres-
sure is denoted by p. The parameter κ is introduced
to control whether the topological perturbation Bε is
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Figure 2. Unperturbed problem.

nucleated either in Ω or in ω, namely

κ = κ(x) :=

{
+1 if x ∈ Ω,
−1 if x ∈ ω.

(2.20)

The strong formulation associated with the varia-
tional problem (2.19) is given by: Find uε, such that:







divσε(uε) = 0 in D,
σε(uε) = γεσ(uε),

uε = u on ΓD,
σ(uε)n = q on ΓN ,

[[uε]]
[[σε(uε)]]n

=
=

0
−pn

}

on ∂ω.

[[uε]]
[[σε(uε)]]n

=
=

0
−κpn

}

on ∂Bε.

(2.21)

The transmission conditions on the interfaces ∂ω and
∂Bε come out from the variational formulation (2.19).

2.2. Existence of the Topological Derivative.

The existence of the topological derivative is ensured
by the following result:

Lemma 1. Let uε and u be solutions of problems
(2.21) and (2.15), respectively. Then, the following
estimate holds true:

‖uε − u‖H1(D) ≤ Cε, (2.22)

where C is a constant independent of the small pa-
rameter ε.

Proof. Let us subtract (2.8) from (2.19). Then, from
the definition to the contrast (2.17), we obtain

κ

∫

Bε

p div(η) =

∫

D
(σε(uε) − σ(u)) · ∇ηs

=

∫

D\Bε

(σ(uε) − σ(u)) · ∇ηs

+

∫

Bε

(γσ(uε) − σ(u)) · ∇ηs. (2.23)

After adding and subtracting the term
∫

Bε

γσ(u) · ∇ηs (2.24)

in the above expression we have:

κ

∫

Bε

p div(η) =

∫

D
σε(uε − u) · ∇ηs

+

∫

Bε

(γ − 1)σ(u) · ∇ηs. (2.25)

By taking η = uε − u as test function in (2.25) we
obtain the following equality:

∫

D
σε(uε − u) · ∇(uε − u)s =

∫

Bε

(1 − γ)σ(u) · ∇(uε − u)s+

κ

∫

Bε

p div(uε − u). (2.26)

From the above expression, we have
∫

D
σε(uε − u) · ∇(uε − u)s =

∫

Bε

T (u) · ∇(uε − u)s, (2.27)

where we have introduced the notation

T(u) = (1 − γ)σ(u) + κpI. (2.28)

From the Cauchy-Schwarz inequality it follows that
∫

D
σε(uε − u) · ∇(uε − u)s ≤

‖T(u)‖L2(Bε)‖∇(uε − u)‖L2(Bε) ≤

c0ε‖∇(uε − u)‖L2(Bε) ≤ c1ε‖uε − u‖H1(D). (2.29)

From the coercivity of the bilinear form on the left-
hand side of (2.29) we have

c‖uε − u‖2H1(D) ≤

∫

D
σε(uε − u) · ∇(uε − u)s, (2.30)
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Figure 3. Perturbed problem.

which leads to the result with C = c1/c independent
of the small parameter ε. �

2.3. The Topological Derivative Formula. The
topological derivative of the volume constraint is triv-
ially obtained and given by

DT |Ω|(x) = κ(x)m, ∀x ∈ D, (2.31)

where the signal function κ(x) is defined in (2.20). In
addition, according to Appendix A, the topological
derivative of the energy shape functional is given by
(A.35), with the polarization tensor defined through
(A.36). Since we are using a very weak material to
replace the voids, we can take the limit cases γ → 0
and γ → ∞ in (A.35). Formally, for γ → 0 the inclu-
sion represents a hole and the transmission condition
on the boundary of the inclusion degenerates itself to
non-homogeneous Neumann boundary condition. In
this case the topological derivative evaluated within
the elastic material Ω becomes

DTJχ(x) = −P0σ(u)(x) · ∇us(x)

− (1 + α) p div(u)(x)

−
p2

2µ
, ∀x ∈ Ω, (2.32)

with the polarization tensor given by

P0 =
1 + β

2
I +

α− β

4
I ⊗ I. (2.33)

In addition, for γ → ∞, the elastic inclusion leads to
a rigid inclusion. In this case the topological deriva-
tive evaluated into the compliant material ω results
in

DTJχ(x) = −P∞σ(u)(x) · ∇us(x), ∀x ∈ ω, (2.34)

where the polarization tensor is given by

P∞ = −
1 + β

2β
I +

α− β

4αβ
I ⊗ I. (2.35)

The coefficients α and β are defined through (A.37).
Finally, the topological derivative of the shape func-
tional (2.6) is given by the sum

DTFχ(x) = DTJχ(x) +DT |Ω|(x), ∀x ∈ D. (2.36)

3. Numerical Results

The minimization problem (2.6) is solved by us-
ing an efficient algorithm proposed by Amstutz and
Andrä (2006). It is based on the topological deriv-
ative concept and a level-set domain representation
method and has been applied in many different prob-
lems, see for instance, Amigo et al. (2016); Amstutz
et al. (2010); Amstutz and Novotny (2010); Amstutz
et al. (2012); Mróz et al. (2017); Sá et al. (2016);
Torii et al. (2016). For further explanations of this
algorithm, see Amstutz (2011). See also Lopes et al.
(2015), where the algorithm is presented in a pseudo-
code format.

In all numerical examples the material properties
are set as: Young’s modulus E = 1.0, Poisson’s ra-
tio ν = 0.3 and contrast ρ0 = 10−4. The topol-
ogy is identified by the elastic material distribution
and the compliant material is used to mimic voids.
Since we are dealing with design-dependent hydro-
static pressure loads, the region ω remains pressur-
ized during all optimization process. The mechanical
problem is discretized into linear triangular finite el-
ements and three steps of uniform mesh refinement
were performed during the iterative process. We as-
sume that in the first and in the last examples the
structures are under plane stress assumption while
in the second example the structure is under plane
strain assumption.

3.1. Example 1. In this first example, the hold-all
domain D consists in a rectangle of size 1.0 × 0.7 as
shown in Figure 4(a). The initial pressurized region
ω is confined in a smaller rectangle of size 1.0 × 0.1.
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(a) initial guess (b) final result

Figure 4. Example 1.

The thick lines are used to represent clamped bound-
ary condition. The hydrostatic pressure loading and
the penalty parameter are set as p = 1 and m = 5,
respectively. The initial mesh used to discretize the
domain D has 3840 elements and 1985 nodes, while
the final mesh has 245760 elements and 123393 nodes.
The final result is obtained after 46 iterations and
contains 22% of the initial volume, as shown in Fig-
ure 4(b). We observe that the pressurized region re-
mains confined under the resulting arc-tie structure.
The convergence of the shape functional Fχ(u) is pre-
sented in Figure 5. Similar results has been found by
Hammer and Olhoff (2000) and Wang et al. (2016),
for instance.

3.2. Example 2. In this example, the hold-all do-
main D is given by a unit square cross-section of a
prismatic bar as shown in Figure 6(a). The pres-
surized region ω is confined into a smaller square of
size 0.5 × 0.5. The dashed-dotted lines are used to
denote symmetry conditions. The initial mesh has
6400 elements and 3281 nodes, while the final mesh
has 409600 elements and 205441 nodes. The hydro-
static pressure loading and the penalty parameter are
set as p = 1 and m = 0.2, respectively. The final
result, shown in Figure 6(b), is obtained after 49 it-
erations and contains 81% of the initial volume. This
result can be interpreted as the optimal cross-section
of a pipe submitted to internal hydrostatic pressure
loading, for instance.

3.3. Example 3. In this last example, the hold-all
domain D is given by a square of size 1.0×1.0, which
is submitted to a horizontal load q applied on the
middle top of the square. The thick line represents
clamped boundary condition. The pressurized region
ω is confined into a semicircle of radius r = 0.4 and
center at the middle bottom of the square. See Fig-
ure 7. The penalty parameter is set as m = 0.2.
The initial mesh has 6400 elements and 3281 nodes,
while the final mesh has 409600 elements and 205441

nodes. The obtained results for different combina-
tions of q and p are presented in Figure 8, namely
p = 1.0 and q = (0, 0), p = 0 and q = (1, 0), p = 2.0
and q = (1, 0), and finally p = 5.0 and q = (1, 0).
It is interesting to note from Figures 8(c) and 8(d)
that there is a changing in the curvature of the right
leg of the structure after increasing the hydrostatic
pressure loading from p = 2.0 to p = 5.0.

4. Conclusion

In this paper a new methodology dealing with
topology optimization of structures subject to design-
dependent hydrostatic pressure loading has been pre-
sented. In particular, the structural compliance is
minimized under volume constraint. The associated
topological derivative with respect to the nucleation
of a circular inclusion subject to non-homogeneous
transmission condition has been rigorously obtained,
which represents the main contribution of this pa-
per. In addition, the obtained result has been used
in a topology optimization algorithm based on the as-
sociated topological derivative together with a level-
set domain representation method. The strikingly
simplicity of the proposed methodology should be
noted. In fact, since the hydrostatic pressure load-
ing comes out naturally from the variational formu-
lation, just a minimal number of user-defined algo-
rithmic parameters is required. Finally, some numer-
ical examples were presented, showing the influence
of the hydrostatic pressure on the topology of the
structure. The numerical examples agree well with
the results that should be expected by other methods.
Therefore, our approach can be seen as a simple alter-
native method for compliance topology optimization
of structures subject to design-dependent hydrostatic
pressure loading under volume constraint.
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Appendix A. Topological Derivative
Evaluation

In order to evaluate the difference between the
functionals Jχ(u) and Jχε

(uε), respectively defined
in (2.7) and (2.18), we start by taking η = uε − u as
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(a) p = 1.0 , q = (0, 0) (b) p = 0.0 , q = (1, 0)

(c) p = 2.0 , q = (1, 0) (d) p = 5.0 , q = (1, 0)

Figure 8. Example 3: Final results.

test function in the variational problem (2.8). Then
we have the following equality

∫

D
σ(u) · ∇us =

∫

D
σ(u) · ∇usε

−

∫

ΓN

q · (uε − u)

−

∫

ω

p div(uε − u). (A.1)

After replacing (A.1) into (2.7) we obtain

Jχ(u) =
1

2

∫

D
σ(u) · ∇usε

−
1

2

∫

ΓN

q · (uε + u)

−
1

2

∫

ω

p div(uε + u). (A.2)

In the same way, let us set η = uε−u as test function
in the variational problem (2.19). Thus

∫

D
σε(uε) · ∇u

s
ε =

∫

D
σε(uε) · ∇u

s

+

∫

ΓN

q · (uε − u)

+

∫

ω

p div(uε − u)

+ κ

∫

Bε

p div(uε − u). (A.3)

After replacing (A.3) into (2.18), it follows

Jχε
(uε) =

1

2

∫

D
σε(uε) · ∇u

s

−
1

2

∫

ΓN

q · (uε + u)

−
1

2

∫

ω

p div(uε + u)

−
1

2
κ

∫

Bε

p div(uε + u). (A.4)



9

From (A.2) and (A.4), the variation of the energy
shape functionals can be written as

Jχε
(uε) − Jχ(u) =

1

2

∫

D
σε(uε) · ∇u

s

−
1

2

∫

D
σ(uε) · ∇u

s

−
1

2
κ

∫

Bε

p div(uε + u). (A.5)

Now, by taking into account the definition for the
contrast γε given by (2.17), we have

Jχε
(uε) − Jχ(u) =

1

2

∫

D\Bε

σ(uε) · ∇u
s

+
1

2

∫

Bε

γσ(uε) · ∇u
s

−
1

2

∫

D\Bε

σ(uε) · ∇u
s

−
1

2

∫

Bε

σ(uε) · ∇u
s

−
1

2
κ

∫

Bε

p div(uε + u). (A.6)

Let us add and subtract the term

1

2
κ

∫

Bε

p div(u). (A.7)

Thus, the following expression is obtained after can-
celing the identical terms

Jχε
(uε) − Jχ(u) =

∫

Bε

γ − 1

2γ
σε(uε) · ∇u

s

− κ

∫

Bε

p div(u)

−
1

2
κ

∫

Bε

p div(uε − u). (A.8)

Note that the variation of the energy shape func-
tional results in an integral concentrated into the in-
clusion Bε. Therefore, in order to apply the definition
for the topological derivative given by (2.2), we need
to know the asymptotic behavior of the function uε
with respect the small parameter ε. Thus, let us in-
troduce the following ansätz:

uε = u+ wε + ũε, (A.9)

where u is solution of the unperturbed problem (2.7),
wε is solution to an auxiliary exterior problem and ũε
is the remainder.

After applying the operator σε in the ansätz (A.9)
we have

σε(uε) = σε(u) + σε(wε) + σε(ũε). (A.10)

By expanding σ(u) in Taylor’s series around the point
x̂ we obtain

σε(uε) = σε(u)(x̂)

+ γε∇σ(u(ξ))(x − x̂)

+ σε(wε) + σε(ũε), (A.11)

where ξ is an intermediate point between x and x̂.
On the boundary of the inclusion Bε we have

[[σε(uε)]]n = −κpn. (A.12)

After evaluating (A.12) we obtain

(σ(uε)|D\Bε

− γσ(uε)|Bε
)n =

− κpn on ∂Bε. (A.13)

Then, let us evaluate (A.11) on ∂Bε to have

−κpn = (1 − γ)σ(u)(x̂)n

− ε(1 − γ)(∇σ(u(ξ))n)n

+ [[σε(wε)]]n + [[σε(ũε)]]n, (A.14)

since (x−x̂) = −εn on ∂Bε. By choosing σε(wε) such
as

[[σε(wε)]]n =

((γ − 1)σ(u)(x̂) − κpI)n on ∂Bε, (A.15)

the following auxiliary boundary value problem is
considered and formally obtained when ε → 0: Find
σε(wε) such that:







divσε(wε) = 0 in R
2,

σε(wε) → 0 in ∞,
[[σε(wε)]]n = û on ∂Bε,

(A.16)

with û = ((γ − 1)σ(u)(x̂) − κpI)n. The boundary
value problem (A.16) admits an explicit solution. For
p = 0, its solution can be found in (Novotny and
Soko lowski, 2013, Ch. 5, pp. 156), for instance.
Since the stress σε(wε) is uniform inside the inclu-
sion, the solution of (A.16) for p 6= 0 can be written
in a following compact form

σε(wε)|Bε
= Tγσ(u)(x̂) + Tγ , (A.17)

where Tγ is a fourth order isotropic tensor given by

Tγ =
γ(1 − γ)

2(1 + βγ)

(

2βI +
α− β

1 + αγ
I ⊗ I

)

(A.18)

and Tγ is a second order isotropic tensor written as

Tγ = κp
αγ

1 + αγ
I. (A.19)

The result shown in (A.17) fits the famous Es-
helby’s problem. This problem, formulated by Es-
helby (1957, 1959), represents one of the major ad-
vances in the continuum mechanics theory of the 20th

century (Kachanov et al., 2003).
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Now we can construct σε(ũε) in such a way that it
compensates for the discrepancies introduced by the
higher-order terms in ε as well as by the boundary-
layer wε on the exterior boundary ∂D. It means that
the remainder ũε must be solution to the following
boundary value problem: Find ũε such that:







divσε(ũε) = 0 in D,
σε(ũε) = γεσ(ũε),

ũε = −wε on ΓD,
σ(ũε)n = −σ(wε)n on ΓN ,

[[σε(ũε)]]n = 0 on ∂ω,
[[ũε]]

[[σε(ũε)]]n
=
=

0
εh

}

on ∂Bε

(A.20)
with h = (1 − γ)(∇σ(u(ξ))n)n. The estimate
‖ũε‖H1(D) = O(ε2) for the remainder ũε holds
true. See, for instance, the book by (Novotny and
Soko lowski, 2013, Ch. 5, pp 155).

From the above results, we can evaluate the inte-
grals in (A.8) explicitly. In fact, after replacing the
ansätz for uε given by (A.9) in the first integral of
(A.8) we have

∫

Bε

σε(uε) · ∇u
s =

∫

Bε

σε(u) · ∇us

︸ ︷︷ ︸

(a)

+

∫

Bε

σε(wε) · ∇u
s

︸ ︷︷ ︸

(b)

+ E1(ε). (A.21)

The remainder E1(ε) is given by

E1(ε) =

∫

Bε

σε(ũε) · ∇u
s

≤ ‖σε(ũε)‖L2(Bε)‖∇u‖L2(Bε)

≤ c1‖ũε‖H1(D)‖∇u‖L2(Bε)

≤ c2ε
3 = O(ε3), (A.22)

where we have used the Cauchy-Schwarz inequality
together with the estimation for the remainder ũε.
The term (a) in (A.21) can be developed in power of
ε as follows

∫

Bε

σε(u) · ∇us =

∫

Bε

γσ(u) · ∇us

= πε2γσ(u)(x̂) · ∇us(x̂)

+ E2(ε), (A.23)

with the remainder E2(ε) defined as

E2(ε) =

∫

Bε

(h(x) − h(x̂))

≤ ‖h(x) − h(x̂)‖L2(Bε)‖1‖L2(Bε)

≤ c1ε‖x− x̂‖L2(Bε) ≤ c2ε
3 = O(ε3), (A.24)

where we have introduced the notation

h(x) − h(x̂) =

σ(u)(x) · ∇us(x) − σ(u)(x̂) · ∇us(x̂). (A.25)

Note that, we have used again the Cauchy-Schwarz
inequality and the interior elliptic regularity of func-
tion u. Since the exact solution of the auxiliary prob-
lem (A.16) is known, the term (b) in (A.21) can be
written as

∫

Bε

σε(wε) · ∇u
s =

πε2∇us(x̂) · (Tγσ(u)(x̂) + Tγ) + E3(ε). (A.26)

The remainder E3(ε) is given by

E3(ε) =

∫

Bε

σε(wε) · (∇us −∇us(x̂))

≤ ‖σε(wε)‖L2(Bε)‖∇u−∇u(x̂)‖L2(Bε)

≤ c1ε‖x− x̂‖L2(Bε) ≤ c2ε
3 = O(ε3), (A.27)

where we have used again the Cauchy-Schwarz in-
equality and the interior elliptic regularity of function
u.

The second term in (A.8) can be developed as fol-
lows

κ

∫

Bε

p div(u) = πε2κp div(u)(x̂) + E4(ε), (A.28)

where the remainder E4(ε) is defined as

E4(ε) = κ

∫

Bε

p(div(u) − div(u)(x̂))

≤ c1‖x− x̂‖L2(Bε)‖1‖L2(Bε)

≤ c2ε
3 = O(ε3). (A.29)

Once again, we have used the Cauchy-Schwarz in-
equality together with the interior elliptic regularity
of function u.

After replacing the ansätz for uε given by (A.9)
into the last term of (A.8) we have

1

2
κ

∫

Bε

p div(uε − u) =
1

2
κ

∫

Bε

p div(wε + ũε)

=
1

2
κ

∫

Bε

p div(wε)

+ E5(ε). (A.30)
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where the remainder E5(ε) has the following bound
thanks to the estimate for ũε

E5(ε) =
1

2
κ

∫

Bε

p div(ũε)

≤ c1‖∇ũε‖L2(Bε)‖1‖L2(Bε)

≤ c2ε‖ũε‖H1(D) ≤ c2ε
3 = O(ε3). (A.31)

By using the constitutive relation and after algebraic
manipulations, we have

1

2
κ

∫

Bε

p div(wε) =

1

2
κ

∫

Bε

p

2γρ(µ + λ)
trσε(wε), (A.32)

where trσε(wε), evaluated inside the inclusion, is
given by

trσε(wε)|Bε(x̂)
=

αγ

1 + αγ
((1 − γ)trσ(u)(x̂) + 2κp). (A.33)

From the above results, the variation of the energy
shape functionals, given by (A.8), can be developed
in power of ε as follows

Jχε
(uε) − Jχ(u) =

− πε2
1 − γ

2γ
[γσ(u)(x̂) + (Tγσ(u)(x̂) + Tγ)] · ∇us(x̂)

− πε2κp div(u)(x̂) − πε2
α

2

1 − γ

1 + αγ
κp div(u)(x̂)

− πε2
p2

2µρ(1 + αγ)
+

5∑

i=1

Ei(ε), (A.34)

where the remainders Ei(ε) = o(ε2), for i = 1, ..., 5,
as previously shown. By defining the function f(ε) =
πε2 and after applying the topological derivative con-
cept in (A.34), we obtain

DTJχ(x̂) = −Pγσ(u)(x̂) · ∇us(x̂)

−
1 + α

1 + αγ
κp div(u)(x̂)

−
1

2ρµ

p2

(1 + αγ)
, (A.35)

where Pγ is a fourth order isotropic tensor given by
(Ammari and Kang, 2007)

Pγ =
1

2

1 − γ

1 + βγ

(

(1 + β)I +
1

2
(α− β)

1 − γ

1 + αγ
I ⊗ I

)

,

(A.36)
with the coefficients α and β defined as

α =
λ+ µ

µ
and β =

λ+ 3µ

λ+ µ
. (A.37)
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