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ABSTRACT. The topological derivative concept has been successfully applied in many relevant
physics and engineering problems. In particular, the topological asymptotic analysis has been
fully developed for a wide range of problems modeled by partial differential equations. In this
paper, the topological asymptotic analysis of the energy shape functional associated with a
diffusive/convective steady state heat equation is developed. The topological derivative with
respect to the nucleation of a circular inclusion is derived in its closed form with help of a
non-standard adjoint state. Finally, we provide the estimates for the remainders of the topo-
logical asymptotic expansion and perform a complete mathematical justification for the derived
formulas. The obtained result is new and can be applied in the context of topology design of
heat sinks, for instance.

1. INTRODUCTION

The topological derivative concept [16] has been successfully applied in many relevant physics
and engineering problems such as inverse problems [2, 3, 12], topology optimization [8, 10], im-
age processing [14], multi-scale constitutive modeling [9], fracture mechanics [17] and damage
evolution modeling [1]. In particular, the topological asymptotic analysis has been fully devel-
oped for a wide range of problems modeled by partial differential equations. See, for instance,
[4, 5,6, 7,11, 13, 15].

In order to introduce these ideas, let us consider an open and bounded domain © C R?, which
is subject to a non-smooth perturbation confined in a small region w.(Z) = & + ew of size e.
Here, & is an arbitrary point of £ and w is a fixed domain of R?. We introduce a characteristic
function = +— x(z), 2 € R?, associated to the unperturbed domain, namely y = 1g. Then, we
define a characteristic function associated to the topologically perturbed domain of the form
x> x:(2;7), € R% In the case of a hole, for example, y.(2) = 1 — 152(z) and the singulary
perturbed domain is given by .(z) = Q\wz(Z). Then, we assume that a given shape functional
¥(xe()), associated to the topologically perturbed domain, admits the following topological
asymptotic expansion

P(xe(2) = ¥(x) + f(e) D1y (E) + R(f(e)), (1.1)

where 1(x) is the shape functional associated to the unperturbed domain and f(e) is a positive
function such that f(¢) — 0 when ¢ — 0. The function & — Dpi(Z) is called the topological
derivative of ¢ at &. Finally, R(f(¢)) is the remainder of the topological asymptotic expansion,
namely R(f(g)) = o(f(€)). Therefore, the term f(e)Dr1) (&) represents a first order correction
of ¥(x) to approximate ¥ (x:(Z)).

In this paper, the topological asymptotic analysis of the energy shape functional associated
with a diffusive/convective steady state heat equation is developed. The topological derivative
Dpip(z) with respect to the nucleation of a circular inclusion w. (%) := B.(zZ) = {||lx — Z|| < €}
is derived in its closed form with help of a non-standard adjoint state. Finally, we provide the
estimates for the remainders of the topological asymptotic expansion and perform a complete
mathematical justification for the derived formulas. The obtained result is not available in the
literature yet and can be applied in the context of topology design of heat sinks, for instance.

This paper is organized as follows. In Section 2, the mathematical formulation of the diffu-
sive/convective steady state heat problem as well as the energy shape functional are introduced
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for both, original unperturbed and topologically perturbed domains. In addition, arguments
on the existence of the associated topological derivative are provided. The explicit form of the
topological derivative is derived in Section 3. The estimates for the remainders of the topological
asymptotic expansion are presented in Section 4. Finally, the paper ends with some concluding
remarks in Section 5.

2. MODEL PROBLEM

In this section the mathematical model of the diffusive/convective steady state heat problem as
well as the energy shape functional are introduced. The original unperturbed and topologically
perturbed problems are presented, together with arguments on the existence of the associated
topological derivative.

2.1. Unperturbed Problem. The original unperturbed problem is stated as
0 c HY Q) : / kVG-VnJr/(ﬁ-VH)n = / by, Vn € HY (), (2.1)
Q Q Q

where [ is a given velocity vector field and b is a heat source. In addition, we assume that (3 is
a divergence-free vector field, namely div(/3) = 0. The energy shape functional is defined by

1

w00 = T0) =5 [ IV (2.2

In order to simplify further analysis, we introduce the adjoint problem
o€ HYQ): / EVy-Vn+ / (B-Vn)e = —/ kYO -V, Vn € HH(Q). (2.3)

Q Q Q
2.2. Perturbed Problem. The topological perturbation is defined as
B 1 ifzeQ\w:

oo =)= { 3 T ERNE 24)

where 0 < 7 < o0 is the contrast parameter and w.(%) := B.(z) = {|Jxr — Z|| < e} for & € Q. By
setting k. = v,k and b, = 7,,_b, the topologically perturbed problem is stated as

0 € 1(@): [ V0.Vt [ (5900 = [ bon, v e (o). (2.5)

The topologically perturbed counterpart of the shape functional is given by

P(xe(2)) = To(0:) = /Q ko] V.. (2.6)

For the sake of simplicity, we assume that k, 5 and b behave like a constant in the neighborhood
of B.(&). So that k(z) = k(z), f(x) = f(Z) and b(x) = b(&) in B:(Z).

2.3. Preliminaries. Let us subtract (2.1) from (2.5). After some manipulations taking into
account the contrast (2.4), there are:

Lo vns [550-om=a-y [ kve.vu-0-9) [ wm e
and equivalently

/levwa—6>-Vn+/ﬂ<5-wea—9>>n=<1—v>/ W9~Vn—(1—v)/ b (28)

€ £

By setting nn = 0. — 6 as test function in (2.8), we have the equality

| k9@ [ (390~0)0.~0) = 1=) [ 196:96.-0)-0=) [ w6.-0). (29)

€ €
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Since 6. — 6 = 0 on 99 and div() = 0 by assumption, the second term on the left hand side of
(2.9) vanishes. So that we obtain the following important result

/Q KV~ 02 = (1) [ kVO- V(6. — )~ (1—) / bo.—6).  (2.10)

Be e

2.4. Existence of the Topological Derivative. The original and perturbed shape functionals
in which we are dealing with were introduced through equations (2.2) and (2.6), respectively.
Now we are in position to state the following import result associated with the existence of the
topological derivative for the problem under analysis:

Lemma 1. Let 0. and 6 be solutions to the perturbed (2.5) and original (2.1) variational prob-
lems, respectively. Then, the following estimate hold true

where C' is used to denote a generic constant independent of the control parameter .

Proof. Let us consider the equality (2.10). From the Cauchy-Schwarz inequality we obtain
/Qk'eHV(@a —0)|I” < C1|IVO| 12 lIV (0 — O)|l 1232y + Collbll2 ()10 — OllL2(p)-  (2:12)
The interior elliptic regularity of 8 yields,
[ B0 = 0 < Cae 0. Ol (213)

since by assumption b(xz) = b(Z) in the neighborhood of B.(#). From the Poincaré inequality
on the left hand side of (2.13), there is

c16. = 0l < [ RV~ 0)IP (2.14)

which leads to the result with the constant C' = C3/c independent of the small parameter e. [J

3. TOPOLOGICAL ASYMPTOTIC ANALYSIS

By subtracting (2.2) from (2.6) and using (2.10), it follows

wixe@) =000 = [ 198-96.—0) =52 [ wve.vo- 22 [ e -0 1)

Let us set n = 0. — 6 in (2.3). Then we have the following equality

/ kYo - V(0. — 0) + / (B-V(0.—0))p = —/ kYO - V(0. — 0). (3.2)
Q Q Q

By setting n = ¢ solution to the adjoint problem (2.3) in (2.7) we obtain the equality

[ K96~ 0)-Fot [(5:96. 000 =) [ 190 Tp—1-9) [ bp. (33)
After comparing (3.2) with (3.3), together with (3.1), we obtain the following import result

V() =000 =~ [ kY0 V020 + (1 -9) [ bo— 22 [ be.-0). 3.4)
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3.1. Asymptotic Analysis of the Solution. Let us introduce the following ansatz for the
solution 6. to the perturbed boundary value problem (2.5)

0.(z) = 0(z) + e9(x /) + 0. (x). (3.5)

Some terms in the above expansions require explanations. Function 6 is solution to the unper-
turbed boundary value problem (2.1), while function ¥ is solution to an exterior boundary value
problem and 6. is the remainder. The strong form of problem (2.5) reads: Find 6., such that

—div(k:VO.)+5-VO. = b in B-U(Q\ Be),
. = 0 on 0f)
’ 3.6
0] =0 on Ow )
[k-VO.]-n = 0 .
After introducing the ansétz (3.5) in (3.6), we obtain
—ediv(k.VY) — div(k-V0.) + (8 - VI) + 8- V6. =0, (3.7)

since # is solution to (2.1). Now, let us consider a change of variables of the form z = ey,
which implies V,9(y) = eV (x/¢e). Therefore, in the fast variable y the first term of the above
equation has order O(¢™1), allowing us to choose ¥ such that

div, (1,kV,9) =0 in By U(R*\ By), (3.8)
where w = By, with B; used to denote a ball of unitary radius and
1 in R*\w,
T _{ v o in w. (3.9)

Now, let us consider the transmission conditions on dw. = dB: that appear in (3.6). In partic-
ular, taking into account that the outward unit normal to the boundary 0B, can be written as
n = (x — &)/, we have

(1= )VO@) - 1+ kY, d(y)] -0+ (L =) (VVOE)n - n + [k-VEo@)] -n =0,  (3.10)

where V@(z) have been expanded in Taylor series around Z, so that & is used to denote an
intermediate point between z and z. After collecting the terms of the same power of &, we
obtain the following exterior problems for ¢ — 0 defined in the new variable y = x /¢

divy(vkVyd) = 0 in B U(R?\ By),
9 — 0 at oo, (3.11)
] =0 on Ow
[[%ukvyﬁ]] no = 9o ’
with go = —(1 — 4)V0(Z) - n. Finally, the remainder 6, is solution to a boundary value problem

that compensates for the discrepancies introduced by the boundary layers 9 and by the higher
order terms of the Taylor series expansion of V6(x) around the point & € €2, namely

div(k.V6.) —B3-V0. = &(B-V¥) in B.U(Q\ B.),
n _ 2
0. = &% on 01, (3.12)
~ [p] = 0 on Ow
[k-VO.]-n = en 5’

where 0 := —e19),,, g1 = —(1—7)(VVO(£))n-n, with £ used to denote an intermediate point
between z and Z.

Lemma 2. Let 0. be solution to (3.12). Then, the estimate Héa”Hl(Q) = o(e) holds true.

Proof. The proof is left to Section 4.1 O
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3.2. Topological Derivative Calculation. We replace (3.5) into (3.4) to obtain the following
result,

VO(@) ~ 00 =~ [ K00+ 20)(@)-
! 3 ’Ya/g k(2)V9 - V(0 + 20)() + (1 —7) /E(bgp)(a?) (), (3.13)
where £(¢) = 25: Ei(e) = o(¢?) as can be seen in Section 4.2, with:
=

£1(e) = —“T'Y [ K@V +20) (3.14)
Ex(e) = —“T'Y [ K@IVO-T0+20) ~ (V0- 910 +2))(0), (3.15)
5(e) = —e 1! [ K@Y (V(0+20) = V(0 + 20)()], (3.16)
£ie) =+ =) [ oE)e — pla) (317)
E5(e) = —1_77 RIS (3.18)

since k(z) = k(2), 5(z) = B(Z) and b(x) = b(2) in B:(&) by assumption. Let us consider again
a change of variable in the form = = ey. Then, the difference (3.13) can be written as:

wie(@) — 000 =~ 257 [ h@)(V0 - V(0 +20))(0)-
By

. . . )
62T i k(2)V,9(y) - V(0 + 29) () +2(1 — 7) /B (bp)(z) + E(e). (3.19)
1 1
The solution to the exterior problem (3.11) is known in the literature since it has exactly the
same structure as the Laplace boundary value problem. In addition, for the particular case
associated with circular inclusions such solution is explicitly known (see for instance [5] and [16,
Ch. 5, pp. 144]). Namely, the solution to (3.11) in Bj is given by
9w, = —— Ve j 3.20
(y)|B1 T 1y (@) - (y —9). (3.20)
Now, let us consider this last result in (3.19), which allows us to evaluate the integral over B;
explicitly, leading to

P(xe()) —v(x) = —77621 ;zk(:ﬁ)w(:ﬁ) V(0 + 2¢)(&) + me* (1 — )b(2)p(&) + E(e). (3.21)

Finally, we have all necessary elements to state the main result of the paper, which is:

Theorem 3. Let J.(6:) be the topologically perturbed energy shape functional given by (2.6).
Then, it admits the topological asymptotic expansion of the form

J-(02) = T(0) — nep||VO||? — 2me®pVO - Vo + me?(1 — )by + E(e), (3.22)
with the function f(g) = we?, £(e) = o(e?) according to Section 4.2 and the topological derivative
given by

DrJ (&) = —p|VO(@)|* = 2pV0(2) - V(@) + (1 = 7)b(2) (%), (3.23)

where 0 and ¢ are solutions to the direct (2.1) and adjoint (2.3) problems, respectively, both
associated to the original unperturbed domain Q. Finally, p = k(z)(1 —~)/(1 4+ 7).



4. ESTIMATION FOR THE REMAINDERS

In this section, the proof of Lemma 2 and the estimation for the remainder £(g) left in the
asymptotic expansion (3.13) are presented. We assume that the topological perturbation B.(z)

doesn’t touch the boundary 02, namely, B.(Z) € Q.

4.1. Proof of Lemma 2 . For the sake of completeness, we introduce the explicit solution to
the scalar exterior problem (3.11), which can be found in many references (see for instance [16,
Ch. 5, pp. 144]). Namely,

€

Ix/e)y, = eIVO(E) - (x — 7). (4.2)
From the above formulas, we observe that |, , = —&fj, with function 6 independent of the small

parameter €. In addition, from a simple calculation there are |[¥|129p.) = O(VE), [[V||lr2(B.) =
O(e) and ||9||r2(q) = O(ey/|loge|) = 0(e?), with 6 < 1. Now, we have all elements to proof
Lemma 2. We start by decomposing the solution to (3.12) as . = ég + 0F. Therefore:

Lemma 4. Let é? be solution to the following variational problem:
g e il : / k" Vi + / (8- Vi) =< / i, ¥ € HY, (4.3)
Q Q 0B.
where U, = {p € H'(Q) : @laq = €200}. Then, the estimate ”é?HHl(Q) = O(£?) holds true.
Proof. By taking n = 6 — %y in (4.3), we have the equality
/ kvt v+ / (8- VMG = = / P / k(VE" - )6, (4.4)
Q Q 0B o0

where @y € H'() is the lifting of the Dirichlet boundary data 6. The second term on the left
hand side of (4.4) can be replace by

~ ~ 2 ~
JRCR AL T (4.5)
Q 2 Joq
since div(5) = 0 by assumption and é? = 20, on 0f). Therefore,
~ ~ ~ ~ 2 ~
/ kO - voh = 5/ g0t 42 [ k(YO -n)by — 5—/ (B-n)6 0", (4.6)
Q B. 09 2 Joa

From the Cauchy-Schwarz inequality we obtain
/Qk‘eVé? VO < EC1 0 /208, + 2 Call OO | -1/200) + 2 CalI00 | 1200y, (A7)

where we have used the interior elliptic regularity of function 6. Taking into account the trace
theorem, we have

/ ke VB VO < 20410 1 0. (4.8)
Q
Finally, from the Poincaré inequality on the left hand side of (4.8), namely,
AP i < [ ke V-V, (4.9)
we have,
1621 711 0y < Ce2, (4.10)

which leads to the result, with C' = Cy/c independent of . O



Lemma 5. Let 0F be solution to the following variational problem:
i c HY ;/ kEV5§-Vn+/(6 V) = —s/(/a V), Yy € HY. (4.11)
Q Q Q
Then, the estimates HégHHl(Q) = o(e) holds true.

Proof. By setting n = 67 in (4.11), we have the equality
/ k.VOP - V0P + (8- VOP)P = —¢ / (8- VI)6P. (4.12)
Q Q

The second term on the left hand side of (4.12) vanishes, since #2 = 0 on 99 and div(3) = 0 by
assumption. Let us consider the right hand side of (4.12). Integration by parts yields

/Q (6-V9)B = (1) /8 BB (1= / (6-VE)9 / 6V,  (413)

e Q
From the Cauchy-Schwarz inequality

/9(5 V)0 < Cull0P| 2 0B 191 22 (08.) + ColVOP | L2510l 1252y + CslI VO] 2 () 19l £2 (0

(4.14)
and the trace theorem, we obtain

/Q(ﬁ - VIOL < Call02 111 (5. 191 2 0. + C5 110211 (0 91| 20y < Coe™ (1021 (), (4:15)

since [|9]z295.) = O(VE) and [[¥||12(q) = 0(£?), with 6 < 1. Then, from the above results we
obtain

/ BV VB < Coe¥20 ey, (4.16)
Q
From the Poincaré inequality on the left hand side of (4.16), namely,

N s oy < [ VR VL, (1.17)

Q
we finally obtain
162|111 () < CE*/2, (4.18)

which leads to the result, with C' = Cg/c independent of e. O

Finally, the proof of Lemma 2 follows immediately from the results of Lemma 4 and Lemma
5.

4.2. Estimation for the Remainder £(¢) . Let us start by considering the remainder & ()
given by (3.14), namely

E1(e) = (1— ) / k&), - (V0 + 20) + V(0 + 20)(3)). (4.19)

€

Taking into account the Cauchy-Schwartz inequality, we have

£1(2) < Co (V0 +20) = V(0 + 20)(@)l|12(50) IVl 2(52) + IV (60 + 26) (@) 125, [ VO | 25, ) -
(4.20)

From the interior elliptic regularity of functions ¢ and € there is |V (0 + 2¢) — V(0 + 2¢)(2)]| <

c1||x — Z|| in B:(&), where ¢; is a constant independent of €. Then, in view of Lemma 2, there is

E1(e) < Cre|| VOl r2(p.) < Ciellfcl oy = o(e?), (4.21)

where we have used the fact that [|[V(0 + 2¢)(&) 125, = O(e) and [z — 2125, = O(?).
Regarding the remainder £ (¢) given by (3.15), let us introduce the notation he = k(2)VO-V(0+
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2¢). From the interior elliptic regularity of functions 6 and ¢, we have ||ha(z)—ho(2)| < col|z—2||
in B.(Z), where ¢y is a constant independent of e. Therefore,
1-— . N
&ue) = 25 [ (hale) = ma@) < Co [ o~ ] = o). (1.22)
B. Be

We introduce the notations Gs = k(2)Ve¢ and Hs = V(0 + 2p). Once again, from the interior
elliptic regularity of the functions ¢ and 6, there is | Hs(x) — H3(2)|| < ¢s]|z —2|| in B:(&), where
c3 is a constant independent of €. Thus the remainder £3(¢) given by (3.16) can be bounded as

-~

E3(e) = —¢ Gs - (Hs(x) — Hs(#)) < eCs|Gsllr2p.)llz — &l p2(p.) = 0(e?),  (4.23)

Be
where we have used the explicit solution to 9. From the interior elliptic regularity of function
@, there is ||p(x) — p(2)]| < cal|lz — Z||, with constant ¢4 independent of . So that the remainder
&4(e) given by (3.17) can be bounded as follows

E4(e) < Cullb(@)ll 25 lp — ¢(@) | L2(.) = 0(€?), (4.24)

where we have used again [|b(2)| z2(p.) = O(¢) and ||z —2| 12(p.) = O(£?). Finally, let us consider
the remainder &5(¢) given by (3.18). From the Holder inequality and the Sobolev embedding
theorem, it comes for any p > 1

Es(e) < Cse' TP, — Ol L2vio-1(B.) < Cee™ P10 — 0]l 1) = o(?), (4.25)

where we have used Lemma 1.

5. CONCLUSIONS

In this paper the topological derivative for the energy shape functional associated with the
diffusive/convective steady state heat equation has been derived in its closed form. In partic-
ular, the existence of the topological derivative has been proved and precise estimates for the
remainders have been derived. The obtained result is new and can be used in many applications
such as topology design of heat sinks, for instance.

ACKNOWLEDGEMENTS

This research was partly supported by CNPq (Brazilian Research Council), CAPES (Brazilian
Higher Education Staff Training Agency) and FAPERJ (Research Foundation of the State of
Rio de Janeiro). These supports are gratefully acknowledged.

REFERENCES

[1] G. Allaire, F. Jouve, and N. Van Goethem. Damage and fracture evolution in brittle materials by shape
optimization methods. Journal of Computational Physics, 230(12):5010-5044, 2011.

[2] H. Ammari, E. Bretin, J. Garnier, W. Jing, H. Kang, and A. Wahab. Localization, stability, and resolution of
topological derivative based imaging functionals in elasticity. STAM Journal on Imaging Sciences, 6(4):2174—
2212, 2013.

[3] H. Ammari, J. Garnier, V. Jugnon, and H. Kang. Stability and resolution analysis for a topological derivative
based imaging functional. SIAM Journal on Control and Optimization, 50(1):48-76, 2012.

[4] H. Ammari and H. Kang. Reconstruction of small inhomogeneities from boundary measurements. Lectures
Notes in Mathematics vol. 1846. Springer-Verlag, Berlin, 2004.

[5] H. Ammari and H. Kang. Polarization and moment tensors with applications to inverse problems and effective
medium theory. Applied Mathematical Sciences vol. 162. Springer-Verlag, New York, 2007.

[6] H. Ammari, H. Kang, and H. Lee. Layer potential techniques in spectral analysis, volume 153 of Mathematical
Surveys and Monographs. American Mathematical Society, Providence, RI, 2009.

[7] S. Amstutz. Sensitivity analysis with respect to a local perturbation of the material property. Asymptotic
Analysis, 49(1-2):87-108, 2006.

[8] S. Amstutz and H. Andrd. A new algorithm for topology optimization using a level-set method. Journal of
Computational Physics, 216(2):573-588, 2006.

[9] S. Amstutz, S. M. Giusti, A. A. Novotny, and E. A. de Souza Neto. Topological derivative for multi-scale linear
elasticity models applied to the synthesis of microstructures. International Journal for Numerical Methods
i Engineering, 84:733-756, 2010.



[10] S. Amstutz, A. A. Novotny, and E. A. de Souza Neto. Topological derivative-based topology optimization
of structures subject to Drucker-Prager stress constraints. Computer Methods in Applied Mechanics and
Engineering, 233-236:123-136, 2012.

[11] S. Amstutz, A. A. Novotny, and N. Van Goethem. Topological sensitivity analysis for elliptic differential
operators of order 2m. Journal of Differential Equations, 256:1735—-1770, 2014.

[12] A. Canelas, A. Laurain, and A. A. Novotny. A new reconstruction method for the inverse potential problem.
Journal of Computational Physics, 268:417-431, 2014.

[13] G. Cardone, S.A. Nazarov, and J. Sokolowski. Asymptotic analysis, polarization matrices, and topologi-
cal derivatives for piezoelectric materials with small voids. SIAM Journal on Control and Optimization,
48(6):3925-3961, 2010.

[14] M. Hintermiller and A. Laurain. Multiphase image segmentation and modulation recovery based on shape
and topological sensitivity. Journal of Mathematical Imaging and Vision, 35:1-22, 2009.

[15] S. A. Nazarov and J. Sokolowski. Asymptotic analysis of shape functionals. Journal de Mathématiques Pures
et Appliquées, 82(2):125-196, 2003.

[16] A. A. Novotny and J. Sokolowski. Topological derivatives in shape optimization. Interaction of Mechanics and
Mathematics. Springer-Verlag, Berlin, Heidelberg, 2013.

[17] N. Van Goethem and A. A. Novotny. Crack nucleation sensitivity analysis. Mathematical Methods in the
Applied Sciences, 33(16):197-1994, 2010.

(A.A. Novotny & V. Sales) LABORATORIO NACIONAL DE COMPUTAGAO CIENTIFICA LNCC/MCT, COORDENAGAO
DE MATEMATICA APLICADA E COMPUTACIONAL, Av. GETULIO VARGAS 333, 25651-075 PETROPOLIS - RJ,
BRrASIL

E-mail address: novotny@lncc.br, vitors@lncc.br



