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Abstract. The topological derivative concept has been proved to be useful in many relevant
applications such as topology optimization, inverse problems, image processing, multi-scale
constitutive modeling, fracture mechanics and damage evolution modeling. The topological
asymptotic analysis has been fully developed for a wide range of problems modeled by partial
differential equations. On the other hand, the topological derivatives associated with coupled
problems have been derived only in their abstract forms. In this paper, therefore, we deal
with the Reissner-Mindlin plate bending model, which is written in the form of a coupled
system of partial differential equations. In particular, the topological asymptotic analysis of
the associated total potential energy is developed and the topological derivative with respect
to the nucleation of a circular inclusion is derived in its closed form. Finally, we provide the
estimates for the remainders of the topological asymptotic expansion and perform a complete
mathematical justification for the derived formulas.

1. Introduction

The topological asymptotic analysis leads to the asymptotic expansion of a given shape func-
tional with respect to a singular domain perturbation such as holes, inclusions, cracks, etc. The
main term of such expansion is defined as the topological derivative [22], which has been proved
to be useful in many relevant applications such as topology optimization [6], inverse problems
[12], image processing [11], multi-scale constitutive modeling [4], fracture mechanics [23] and
damage evolution modeling [2]. For a comprehensive account on the topological derivative con-
cept see, for instance, the book by Novotny & Soko lowski [18].

In particular, the topological derivative for the Kirchhoff plate bending problem has been
rigorously derived in [5], which involves a forth-order differential operator. For the topologi-
cal asymptotic analysis associated with higher-order elliptic differential operators see [7]. On
the other hand, the topological derivative associated with the Reissner-Mindlin plate bending
problem has not been reported in the literature yet. This mechanical model leads to a coupled
system of second-order partial differential equations. In fact, only a few works dealing with
coupled problems can be found in the literature, whose derived formulas are presented only in
their abstract forms [8].

Therefore, in this work the topological derivative for the total potential energy associated with
the Reissner-Mindlin plate bending problem is derived. In particular, arguments on the existence
of the topological derivative for this model are presented, together with precise estimates for
the remainders of the associated topological asymptotic expansion. Finally, the topological
derivative with respect to the nucleation of an infinitesimal circular inclusion is derived in its
closed form. Since the Reissner-Mindlin plate bending model takes into account the shear
effects, we believe that the derived formula shall be useful for practical applications, allowing for
overcome some numerical difficulties associated with the Kirchhoff plate bending model reported
in [17], for instance.

This paper is organized as follows. In Section 2 we introduce the topological derivative
concept. The mechanical model which we are dealing with is presented in Section 3, together
with the existence of the associated topological derivative. The explicit form of the topological
derivative is derived in Section 4. The estimates for the remainders of the topological asymptotic
expansion are presented in Section 5. Finally, the paper ends with some concluding remarks in
Section 6.
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2. The Topological Derivative Concept

Let us consider an open and bounded domain Ω ⊂ R2, which is subject to a nonsmooth
perturbation confined in a small region ωε(x̂) = x̂ + εω of size ε and center at x̂ ∈ Ω, as shown
in Figure 1.

Figure 1. The topological derivative concept.

We introduce a characteristic function associated to the unperturbed domain x 7→ χ(x),
x ∈ R2, of the form χ = 1Ω, so that:

|Ω| =

∫

R2

χ . (2.1)

On the other hand, we define a piecewise constant function associated to the perturbed domain
x 7→ χε(x̂, x), x ∈ R2, with ε and x̂ ∈ Ω fixed, so that χε(x̂) = 1Ω − (1 − γ)1ωε(x̂). Therefore,

χε(x̂, x) =





1 if x ∈ Ω \ ωε(x̂) ,
γ if x ∈ ωε(x̂) ,
0 if x ∈ R2 \ Ω ,

(2.2)

where 0 < γ <∞ is the contrast on the material properties.
Now, we assume that a given shape functional associated to the topological perturbed problem

ψ(χε(x̂)) admits the following topological asymptotic expansion:

ψ(χε(x̂)) = ψ(χ) + f(ε)T (x̂) + o(f(ε)) , (2.3)

where ψ(χ) is the shape functional associated to the unperturbed problem, f(ε) is a positive
function such that f(ε) → 0, when ε → 0+. Function x̂ 7→ T (x̂) is defined as the topological
derivative of ψ at the point x̂. This derivative can be understood as a first order correction on
ψ(χ) to approximate ψ(χε(x̂)). After rearranging the equation (2.3), the limit passage ε → 0+

leads to:

T (x̂) = lim
ε→0+

ψ(χε(x̂)) − ψ(χ)

f(ε)
. (2.4)

Note that in our particular case the geometrical domains remain fixed, while the topological
perturbation is going to be driven by a contrast γ on the material properties. In the singular case
associated with the nucleation of holes, e.g. γ = 0, the analysis becomes much more involved
and can be seen in details in [16], for instance.

3. Thick Plate Bending Model

In this section we introduce a plate bending problem under the kinematic assumptions of
Reissner-Mindlin [15, 20]. Thus, let us consider a plate represented by a two-dimensional domain
Ω ⊂ R2, with thickness h > 0 supposed to be constant for the sake of simplicity. We assume that
the plate is submitted to bending and shear effects under the following kinematic assumptions:

The normal fibers to the middle plane of the plate remain straight during the

deformation process, but not necessarily normal to the middle plane, and do not

suffer variations in their length. Consequently, the transversal shear deformations

are not negligible and the normal deformations are null.



3

The Reissner-Mindlin plate bending problem leads to a coupled system of second-order partial
differential equations, which is known to be strongly elliptic. See, for instance [21] and [13, Ch.
4]. This important property will be exhaustively used in the derivations to be presented in what
follows.

3.1. Unperturbed Problem. Let us introduce the total potential energy associated with the
unperturbed plate problem, namely:

ψ(χ) := J (θ,w) =
1

2

∫

Ω
(M(θ) · ∇sθ + Q(θ,w) · (θ −∇w))−

∫

ΓNθ

m · θ +

∫

ΓNw

qw , (3.1)

where M(θ) = C∇sθ is the generalized bending moment tensor and Q(θ,w) = K(θ−∇w) is the
generalized shear tensor. The constitutive fourth C and second K order tensors are assumed to
be isotropic and homogeneous, which are respectively given by

C =
Eh3

12(1 − ν2)
((1 − ν)I + ν(I⊗ I)) , (3.2)

K =
κEh

2(1 + ν)
I , (3.3)

where E is the Young modulus, ν is the Poisson ration, κ = 5/6 is the shear correction factor
and h the plate thickness. In addition, I and I are the second and fourth order identity tensors,
respectively. The rotation θ and the transversal displacement w are solutions to the following
coupled variational problem: For all (ηθ, ηw) ∈ V, find the field (θ,w) ∈ U , such that





∫

Ω
(M(θ) · ∇sηθ + Q(θ,w) · ηθ) =

∫

ΓNθ

m · ηθ ,
∫

Ω
Q(θ,w) · ∇ηw =

∫

ΓNw

qηw .
(3.4)

In the variational problem (3.4), the set U of admissible functions and the space V of admissible
variations are defined by:

U :={(ϕθ , ϕw), ϕθ ∈ H1(Ω) and ϕw ∈ H1(Ω) : ϕw

∣∣
ΓDw

= w,ϕθ

∣∣
ΓDθ

= θ} , (3.5)

V:={(ϕθ, ϕw), ϕθ ∈ H1(Ω) and ϕw ∈ H1(Ω) : ϕw

∣∣
ΓDw

= 0, ϕθ

∣∣
ΓDθ

= 0} , (3.6)

with H1(Ω) := H1(Ω) ×H1(Ω), where ΓNθ
and ΓNw are Neumann boundaries, while ΓDθ

and

ΓDw are Dirichlet boundaries. Then, θ ∈ H
1
2 (ΓDθ

) is a Dirichlet data representing a rotation

prescribed on ΓDθ
, while w ∈ H

1
2 (ΓDw) is a Dirichlet data associated with a transversal dis-

placement prescribed on ΓDw . In addition, the Neumann data are given by m ∈ H−
1
2 (ΓNθ

),

representing a distributed moment prescribed on ΓNθ
, and q ∈ H−

1
2 (ΓNw), representing a dis-

tributed shear on ΓNw . Finally, ΓDw ∩ ΓNw = ∅ and ΓDθ
∩ ΓNθ

= ∅, with ΓDθ
and ΓDw of

nonzero measure. In order to guarantee the existence and uniqueness of a solution to (3.4),
either ΓDw ∩ ΓDθ

6= ∅ or ΓDw is not straight (its unit normal is not constant). The strong form
associated with the variational problem (3.4) reads: Find the field (θ,w), such that





−div(M(θ)) + Q(θ,w) = 0 in Ω,
div(Q(θ,w)) = 0 in Ω,

M(θ) = C∇sθ,
Q(θ,w) = K(θ −∇w),

w = w on ΓDw ,
θ = θ on ΓDθ

,
M(θ)n = m on ΓNθ

,
Q(θ,w) · n = q on ΓNw ,

(3.7)
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where n is the outward unit normal vector pointing toward the exterior of Ω on ∂Ω.

3.2. Perturbed Problem. The total potential energy associated with the topologically per-
turbed plate problem reads:

ψ(χε(x̂)) := Jε(θε, wε) =
1

2

∫

Ω
γωε (M(θε) · ∇sθε + Q(θε, wε) · (θε −∇wε))−

∫

ΓNθ

m · θε +

∫

ΓNw

qwε , (3.8)

where the parameter γωε is given by:

γωε :=

{
1 in Ω \ ωε ,
γ in ωε .

(3.9)

Therefore, the topological perturbation is given by the nucleation of a small inclusion assumed
to be circular, namely, ωε(x̂) = Bε(x̂), where Bε(x̂) is a ball of radius ε and center at x̂ ∈ Ω. We

assume in addition that Bε(x̂) ⋐ Ω. That is, the topological perturbation Bε(x̂) doesn’t touch
the boundary ∂Ω. The parameter 0 < γ < ∞ represents a contrast on the material properties.
The functions θε and wε in (3.8) are solutions to the following variational problem: For all
(ηθ, ηw) ∈ V, find the field (θε, wε) ∈ U , such that





∫

Ω
γωε (M(θε) · ∇sηθ + Q(θε, wε) · ηθ) =

∫

ΓNθ

m · ηθ ,
∫

Ω
γωεQ(θε, wε) · ∇ηw =

∫

ΓNw

qηw .
(3.10)

The strong form associated with the variational problem (3.10) can be stated as: Find the field
(θε, wε), such that





−div(γωεM(θε)) + γωεQ(θε, wε) = 0 in ωε ∪ (Ω \ ωε) ,
div(γωεQ(θε, wε)) = 0 in ωε ∪ (Ω \ ωε) ,

M(θε) = C∇sθε ,
Q(θε, wε) = K(θε −∇wε) ,

wε = w on ΓDw ,

θε = θ on ΓDθ
,

γωεM(θε)n = m on ΓNw ,
γωεQ(θε, wε) · n = q on ΓNθ

,
JθεK = 0





on ∂ωε .
JwεK = 0

JγωεM(θε)Kn = 0
JγωεQ(θε, wε)K · n = 0

(3.11)

where n is the outward unit normal vector pointing toward the exterior of Ω on ∂Ω and ωε on
∂ωε, as shown in Fig. 1, and JϕK := ϕ

∣∣
Ω\ωε

− ϕ
∣∣
ωε

is used to denote the jump of the vector

function ϕ on ∂ωε.

3.3. Existence of the Topological Derivative. The original and perturbed shape functionals
in which we are dealing with were introduced through equations (3.1) and (3.8), respectively.
Now we are in position to state the following import result associated with the existence of the
topological derivative for the problem under analysis:

Lemma 1. Let (θε, wε) and (θ,w) be solutions to the perturbed (3.10) and original (3.4) varia-

tional problems, respectively. Then, the following estimates hold true

‖θε − θ‖
H1(Ω)

≤ Cε , (3.12)

‖wε − w‖
H1(Ω)

≤ Cε , (3.13)

where C is used to denote a generic constant independent of the control parameter ε.
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Proof. By subtracting (3.4) from (3.10), we have for all (ηθ, ηw) ∈ V:





∫

Ω
(γωεM(θε) −M(θ)) · ∇sηθ + (γωεQ(θε, wε) −Q(θ,w)) · ηθ = 0 ,

∫

Ω
(γωεQ(θε, wε) −Q(θ,w)) · ∇ηw = 0 .

(3.14)

From the definition for the contrast γωε given by (3.9) and after introducing the notations
eθ = θε − θ and ew = wε −w, the above variational equation can be written as




∫

Ω
γωε(M(eθ) · ∇sηθ + Q(eθ, ew) · ηθ) = (1 − γ)

∫

Bε

M(θ) · ∇sηθ + Q(θ,w) · ηθ ,
∫

Ω
γωεQ(eθ, ew) · ∇ηw = (1 − γ)

∫

Bε

Q(θ,w) · ∇ηw ,
(3.15)

where the terms

±
∫

Bε

γM(θ) · ∇sηθ + γQ(θ,w) · ηθ and ±
∫

Bε

γQ(θ,w) · ∇ηw ,

were added to (3.14)1 and (3.14)2, respectively. Now, let us take ηθ = eθ and ηw = ew as test
functions in (3.15) to obtain the following equalities:

∫

Ω
γωε(M(eθ) · ∇seθ + Q(eθ, ew) · eθ) = (1 − γ)

∫

Bε

M(θ) · ∇seθ + Q(θ,w) · eθ , (3.16)

∫

Ω
γωεQ(eθ, ew) · ∇ew = (1 − γ)

∫

Bε

Q(θ,w) · ∇ew . (3.17)

Let us subtracting the second equality from the first one to obtain

∫

Ω
γωε(M(eθ) · ∇seθ + Q(eθ, ew) · (eθ −∇ew)) =

(1 − γ)

∫

Bε

M(θ) · ∇seθ + Q(θ,w) · (eθ −∇ew) . (3.18)

Taking into account the Cauchy-Schwarz inequality together with the triangular inequality, there
is:

∫

Ω
γωε(M(eθ) · ∇seθ + Q(eθ, ew) · (eθ −∇ew)) ≤ C1ε

(
‖eθ‖

H1(Bε)
+ ‖ew‖

H1(Bε)

)
, (3.19)

where we have used the elliptic regularity of θ and w. Now, from the coercivity of the bilinear
form on the left hand side of the above inequality it follows:

α
(
‖eθ‖2

H1(Ω)
+ ‖ew‖2

H1(Ω)

)
≤
∫

Ω
γωε(M(eθ) · ∇seθ + Q(eθ, ew) · (eθ −∇ew)) . (3.20)

Therefore,

C1ε
(
‖eθ‖

H1(Ω)
+ ‖ew‖

H1(Ω)

)
≥ α

(
‖eθ‖2

H1(Ω)
+ ‖ew‖2

H1(Ω)

)
(3.21)

≥ α

2

(
‖eθ‖

H1(Ω)
+ ‖ew‖

H1(Ω)

)2
. (3.22)

Finally, we have

‖eθ‖
H1(Ω)

+ ‖ew‖
H1(Ω)

≤ Cε , (3.23)

which leads to the result with the constant C =
2C1

α
independent of the small parameter ε. �
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4. Derivation of an Explicit Form for the Topological Derivative

Let us choose ηw = wε −w and ηθ = θε − θ as test functions in (3.4). Then, after subtracting
the second result from the first one, we have
∫

Ω
(M(θ) · ∇sθ + Q(θ,w) · (θ −∇w)) =

∫

Ω
(M(θ) · ∇sθε + Q(θ,w) · (θε −∇wε))−

∫

ΓNθ

m · (θε − θ) +

∫

ΓNw

q(wε − w) . (4.1)

From the equality (4.1), the shape functional (3.1) can be re-written as

ψ(χ) =
1

2

∫

Ω
(M(θ) · ∇sθε + Q(θ,w) · (θε −∇wε))−

1

2

∫

ΓNθ

m · (θε + θ) +
1

2

∫

ΓNw

q(wε + w) . (4.2)

Similarly, let us set ηw = wε − w and ηθ = θε − θ as test functions in (3.10), which leads to
∫

Ω
γωε (M(θε) · ∇sθε + Q(θε, wε) · (θε −∇wε)) =

∫

Ω
γωε(M(θε) · ∇sθ + Q(θε, wε) · (θ −∇w))+

∫

ΓNθ

m · (θε − θ) −
∫

ΓNw

q(wε − w) . (4.3)

After replacing (4.3) in the shape functional (3.8), we obtain

ψ(χε(x̂)) =
1

2

∫

Ω
γωε(M(θε) · ∇sθ + Q(θε, wε) · (θ −∇w))−

1

2

∫

ΓNθ

m · (θε + θ) +
1

2

∫

ΓNw

q(wε + w) . (4.4)

Now, we can compute the difference between (4.4) and (4.2) to obtain the following important
result

ψ(χε(x̂)) − ψ(χ) = −1 − γ

2

∫

Bε

(M(θ) · ∇sθε + Q(θ,w) · (θε −∇wε)) , (4.5)

where we have used the definition (3.9) for the contrast γωε . Note that the above difference
leads to an integral concentrated over the ball Bε. Therefore, we need to know the asymptotic
behavior of functions θε and wε with respect to ε → 0 in the neighborhood of the topological
perturbation Bε(x̂).

Let us introduce the following ansätze for the solutions (θε, wε) to the perturbed boundary
value problem (3.11)

θε(x) = θ(x) + εφ((x − x̂)/ε) + θ̃ε(x) , (4.6)

wε(x) = w(x) + εz((x− x̂)/ε) + w̃ε(x) . (4.7)

Some terms in the above expansions require explanations. Functions θ and w are solutions to
the unperturbed boundary value problem (3.7), while functions φ and z are solutions to exterior

boundary value problems and θ̃ε and w̃ε are the remainders. In particular, after introducing the
above ansätze in (3.11) we obtain

−εdiv(γωεC∇sφ) − div(γωεM(θ̃ε)) + γωεQ(θ̃ε, w̃ε) + ε γωεQ(φ, z) = 0 , (4.8)

−εdiv(γωεK∇z) + εdiv(γωεKφ) + div(γωεQ(θ̃ε, w̃ε)) = 0 , (4.9)
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since (θ,w) is solution to (3.7). Now, let us consider a change of variables in the form (x−x̂) = εy,
which implies ∇yz(y) = ε∇z((x− x̂)/ε) and ∇s

yφ(y) = ε∇sφ((x − x̂)/ε). Therefore, in the fast

variable y the first terms of both equations above have order O(ε−1), allowing us to choose φ
and z such that

divy(γωC∇s
y
φ) = 0 and divy(γωK∇s

y
z) = 0 , (4.10)

where ω = B1, with B1 used to denote a ball of unitary radius and

γω =

{
1 in R2 \ ω ,
γ in ω .

(4.11)

Now, let us consider the transmission conditions on ∂ωε = ∂Bε that appear in (3.11). In
particular, taking into account that n = (x− x̂)/ε on the boundary ∂Bε, we have

(1 − γ)M(θ)(x̂)n+ JγωC∇s
y
φ(y)Kn+

ε(1 − γ)[(∇M(θ)(ξ))n]n + JγωεM(θ̃ε(x))Kn = 0 , (4.12)

and

(1 − γ)Q(θ,w)(x̂) · n− JγωK∇yz(y)K · n+

ε(1 − γ)Kφ((x − x̂)/ε) · n+ ε(1 − γ)(∇Q(θ,w)(ζ))n · n+ JγωεQ(θ̃ε, w̃ε)(x)K · n = 0 , (4.13)

where M(θ)(x) and Q(θ,w)(x) have been expanded in Taylor series around x̂, so that ξ and ζ
are used to denote intermediate points between x and x̂. After collecting the terms of the same
power of ε, we obtain the following exterior problems for ε → 0 defined in the new variable
y = (x− x̂)/ε 




divy(γωC∇s
y
φ) = 0 in ω ∪ (R2 \ ω) ,

φ → 0 ‖y‖ → ∞ ,
JφK = 0

}
on ∂ω .

JγωC∇s
y
φKn = g1

(4.14)

where g1 = −(1 − γ)M(θ)(x̂)n, and




divy(γωK∇yz) = 0 in ω ∪ (R2 \ ω) ,
z → 0 ‖y‖ → ∞ ,

JzK = 0
}

on ∂ω .
JγωK∇yzK · n = g2

(4.15)

with g2 = (1 − γ)Q(θ,w)(x̂) · n. Finally, the remainder (θ̃ε, w̃ε) is solution to a boundary value
problem that compensates for the discrepancies introduced by the boundary layers φ and z and
by the higher order terms of the Taylor series expansion of M(θ)(x) and Q(θ,w)(x) around the
point x̂ ∈ Ω, namely





div(γωεM(θ̃ε)) − γωεQ(θ̃ε, w̃ε) = εγωεQ(φ, z) in ωε ∪ (Ω \ ωε) ,

−div(γωεQ(θ̃ε, w̃ε)) = εdiv(γωεKφ) in ωε ∪ (Ω \ ωε) ,

M(θ̃ε) = C∇sθ̃ε ,

Q(θ̃ε, w̃ε) = K(θ̃ε −∇w̃ε) ,

θ̃ε = ε2θ0 on ΓDθ
,

w̃ε = ε2w0 on ΓDw ,

M(θ̃ε)n = ε2M(θ0)n on ΓNθ
,

Q(θ̃ε, w̃ε) · n = ε2Q(θ0, w0) · n on ΓNw ,

JγωεM(θ̃ε)Kn = εg̃1




on ∂ωε ,JγωεQ(θ̃ε, w̃ε)K · n = εg̃2
Jθ̃εK = 0
Jw̃εK = 0

(4.16)
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where w0 := −ε−1z
∣∣
∂Ω

, θ0 := −ε−1φ
∣∣
∂Ω

, g̃1 = −(1 − γ)[(∇M(θ)(ξ))n]n and g̃2 = g̃h + g̃p, with

g̃h = −(1−γ)[(∇Q(θ,w)(ζ))n] ·n and g̃p = −(1−γ)Kφ(n) ·n, where ξ and ζ are used to denote
intermediate points between x and x̂.

Lemma 2. Let (θ̃ε, w̃ε) be solution to (4.16). Then, the estimates ‖θ̃ε‖
H1(Ω)

= o(ε) and

‖w̃ε‖
H1(Ω)

= o(ε) hold true.

Proof. The proof is left to Section 5.1 �

We replace (4.6) and (4.7) into (4.5) to obtain the following result,

ψ(χε(x̂)) − ψ(χ) = −1 − γ

2

∫

Bε

((M(θ) · ∇sθ + Q(θ,w) · (θ −∇w))(x̂)+

εM(θ)(x̂) · ∇sφ− εQ(θ,w)(x̂) · ∇z) + E(ε) , (4.17)

where E(ε) =

6∑

i=1

Ei(ε) = o(ε2) as can be seen in Section 5.2, with:

E1(ε) = −1 − γ

2

∫

Bε

(M(θ) · ∇sθ̃ε + Q(θ,w) · (θ̃ε −∇w̃ε)) , (4.18)

E2(ε) = −1 − γ

2

∫

Bε

(M(θ) · ∇sθ − (M(θ) · ∇sθ)(x̂)) , (4.19)

E3(ε) = −1 − γ

2

∫

Bε

(Q(θ,w) · (θ −∇w) − (Q(θ,w) · (θ −∇w))(x̂)) , (4.20)

E4(ε) = −ε1 − γ

2

∫

Bε

(∇sφ · (M(θ) −M(θ)(x̂))) , (4.21)

E5(ε) = −ε1 − γ

2

∫

Bε

(φ−∇z) · (Q(θ,w) −Q(θ,w)(x̂)) , (4.22)

E6(ε) = −ε1 − γ

2

∫

Bε

φ · Q(θ,w)(x̂) . (4.23)

Let us consider again a change of variable in the form (x− x̂) = εy. Then, the difference (4.17)
can be written as:

ψ(χε(x̂)) − ψ(χ) = −ε2 1 − γ

2

∫

B1

((M(θ) · ∇sθ + Q(θ,w) · (θ −∇w))(x̂)+

∇sθ(x̂) · C∇s
y
φ(y) − (θ −∇w)(x̂) ·K∇yz(y) + E(ε) . (4.24)

The solutions to the exterior problems (4.14) and (4.15) are known in the literature since
they have exactly the same structure as the Navier and Laplace boundary value problems,
respectively. In addition, for the particular case associated with circular inclusions such solutions
are explicitly known. See for instance [18, Ch. 5, pp. 144 and 156]. Therefore, from the Eshelby
theorem [9, 10] we have the following representations for the solution to (4.14)

C∇s
y
φ(y)

∣∣∣
B1

= TM(θ)(x̂) , (4.25)

where T is a fourth order isotropic tensor given by:

T =
1

2

1 − γ

1 + γα2

(
2α2I +

α1 − α2

1 + γα1
I⊗ I

)
, (4.26)

and for the solution to (4.15)

K∇yz(y)
∣∣∣
B1

= TQ(θ,w)(x̂) , (4.27)
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where T is a second order isotropic tensor written as:

T = −1 − γ

1 + γ
I . (4.28)

Now, let us consider these last results in (4.24), which allow us to evaluate the integral over
B1 explicitly, leading to

ψ(χε(x̂)) − ψ(χ) = πε2(PM(θ(x̂)) · ∇sθ(x̂) + PQ(θ(x̂), w(x̂)) · (θ(x̂) − ∇w(x̂))) + E(ε) .
(4.29)

Finally, we have all necessary elements to state the main result of the paper, which is:

Theorem 3. Let Jε(θε, wε) be the topologically perturbed energy shape functional given by (3.8).
Then, it admits the topological asymptotic expansion of the form

Jε(θε, wε) = J (θ,w) + πε2(PM(θ) · ∇sθ + PQ(θ,w) · (θ − ∇w)) + E(ε) , (4.30)

with the function f(ε) = πε2 and the remainder E(ε) = o(ε2) according to Section 5.2. So that

the topological derivative is given by

T (x̂) = PM(θ(x̂)) · ∇sθ(x̂) + PQ(θ(x̂), w(x̂)) · (θ(x̂) −∇w(x̂)) . (4.31)

Some terms in the above expression require explanation. The polarization matrix P, associated

with the bending effects, is given by the following fourth order isotropic tensor

P = −1 − γ

2
(I + T) = −1

2

1 − γ

1 + γα2

(
(1 + α2)I +

1

2
(α1 − α2)

1 − γ

1 + γα1
I⊗ I

)
, (4.32)

while the polarization matrix P, associated with the shear effects, is given by a second order

isotropic tensor defined as

P = −1 − γ

2
(I −T) = −1 − γ

1 + γ
I , (4.33)

where I and I are the second and fourth order identity tensors, respectively. Finally, the coeffi-

cients α1 and α2 are written as:

α1 =
1 + ν

1 − ν
and α2 =

3 − ν

1 + ν
. (4.34)

5. Estimation for the Remainders

In this section, the proof of Lemma 2 and the estimation for the remainder E(ε) left in the
asymptotic expansion (4.17) are presented. We assume that the topological perturbation Bε(x̂)

doesn’t touch the boundary ∂Ω, namely, Bε(x̂) ⋐ Ω.

5.1. Proof of Lemma 2 . For the sake of completeness, we introduce the explicit solution to
the scalar exterior problem (4.15), which can be found in many references (see for instance [18,
Ch. 5, pp. 144]). Namely,

z((x− x̂)/ε)
∣∣
Ω\Bε

=
ε

‖x− x̂‖2β · (x− x̂) , (5.1)

z((x− x̂)/ε)
∣∣
Bε

= ε−1β · (x− x̂) , (5.2)

where β ∈ R2 is a constant vector. From the above formulas, we observe that z
∣∣
∂Ω

= −εw0,

with function w0 independent of the small parameter ε. In addition, from a simple calculation
there are ‖z‖

L2(∂Bε)
= O(

√
ε) and ‖z‖

L2(Ω)
= O(ε

√
| log ε|) = o(εδ), with δ < 1. The vector

case is completely analogous to the scalar one [3]. In fact, using the same arguments, the
explicit solution to the vector exterior problem (4.14) provides φ

∣∣
∂Ω

= −εθ0, with function θ0

independent of the small parameter ε [19, Ch. 4, pp. 105]. Finally, ‖φ‖
L2(∂Bε)

= O(
√
ε) and

‖φ‖
L2(Ω)

= o(εδ).

Before proceeding, let us state the following important result, which can be found in many
references (see, for instance, [1, 14]).
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Theorem 4. Let us consider an open and bounded domain D ⊂ R2, with Lipschitz boundary

∂D. Then,

‖ϕ‖
L2(∂D)

≤ C‖ϕ‖
H1(D)

, (5.3)

for each ϕ ∈ H1(D), where the constant C is independent of ϕ. The same result holds true for

vector functions in H1(D) ×H1(D).

Now, we have all elements to prove Lemma 2. We start by decomposing the solution to (4.16)

as (θ̃ε, w̃ε) = (θ̃hε , w̃
h
ε ) + (θ̃pε , w̃

p
ε). Therefore:

Lemma 5. Let (θ̃hε , w̃
h
ε ) be solution to the following variational problem: Find (θ̃hε , w̃

h
ε ) ∈ Ũε,

for all (ηθ, ηw) ∈ V, such that:





∫

Ω
γωε(M(θ̃hε ) · ∇sηθ + Q(θ̃hε , w̃

h
ε ) · ηθ) = ε

∫

∂Bε

g̃1 · ηθ + ε2
∫

ΓNθ

M(θ0)n · ηθ ,
∫

Ω
γωεQ(θ̃hε , w̃

h
ε ) · ∇ηw = ε

∫

∂Bε

g̃h ηw + ε2
∫

ΓNw

(Q(θ0, w0) · n)ηw ,
(5.4)

with the set Ũε defined as Ũε:=V + ε2{(ϕθ, ϕw)}, where (ϕθ, ϕw) ∈ H1(Ω) ×H1(Ω) is a lifting

of the Dirichlet boundary data (θ0, w0), endowed with the additional properties ϕθ = 0 on ∂Bε ∪
(∂Ω \ ΓDθ

) and ϕw = 0 on ∂Bε ∪ (∂Ω \ ΓDw). In addition g̃1 = −(1 − γ)[(∇M(θ)(ξ))n]n and

g̃h = −(1 − γ)[(∇Q(θ,w)(ζ))n] · n, with ξ and ζ used to denote intermediate points between x

and x̂. Then, the estimates ‖θ̃hε ‖H1(Ω)
= O(ε2) and ‖w̃h

ε ‖H1(Ω)
= O(ε2) hold true.

Proof. By taking ηθ = θ̃hε − ε2ϕθ and ηw = w̃h
ε − ε2ϕw in (5.4), we have the equalities

∫

Ω
γωε(M(θ̃hε ) · ∇sθ̃hε + Q(θ̃hε , w̃

h
ε ) · θ̃hε ) = ε

∫

∂Bε

g̃1 · θ̃hε+

ε2
∫

ΓNθ

M(θ0)n · θ̃hε + ε2
∫

ΓDθ

M(θ̃hε )n · θ0 , (5.5)

and

∫

Ω
γωεQ(θ̃hε , w̃

h
ε ) · ∇w̃h

ε = ε

∫

∂Bε

g̃h w̃
h
ε +

ε2
∫

ΓNw

(Q(θ0, w0) · n)w̃h
ε + ε2

∫

ΓDw

(Q(θ̃hε , w̃
h
ε ) · n)w0 . (5.6)

The last two terms in the above equalities can be respectively replaced by
∫

ΓDθ

M(θ̃hε )n · θ0 =

∫

∂Ω
γωεM(θ̃hε )n · ϕθ

=

∫

Ω
γωεQ(θ̃hε , w̃

h
ε ) · ϕθ +

∫

Ω
γωεM(θ̃hε ) · ∇sϕθ , (5.7)

and
∫

ΓDw

(Q(θ̃hε , w̃
h
ε ) · n)w0 =

∫

∂Ω
γωε(Q(θ̃hε , w̃

h
ε ) · n)ϕw

=

∫

Ω
γωεQ(θ̃hε , w̃

h
ε ) · ∇ϕw , (5.8)

since ϕθ = 0 on ∂Bε∪(∂Ω\ΓDθ
), ϕw = 0 on ∂Bε∪(∂Ω\ΓDw), γωε = 1 on ∂Ω, div(γωεM(θ̃hε )) =

γωεQ(θ̃hε , w̃
h
ε ) and div(γωεQ(θ̃hε , w̃

h
ε )) = 0 in ωε ∪ (Ω \ωε). After subtracting (5.6) from (5.5) and
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taking into account these last two results, we have
∫

Ω
γωε(M(θ̃hε ) · ∇sθ̃hε + Q(θ̃hε , w̃

h
ε ) · (θ̃hε −∇w̃h

ε )) = ε

∫

∂Bε

g̃1 · θ̃hε − ε

∫

∂Bε

g̃h w̃
h
ε+

ε2
∫

Ω
γωεQ(θ̃hε , w̃

h
ε ) · ϕθ + ε2

∫

Ω
γωεM(θ̃hε ) · ∇sϕθ − ε2

∫

Ω
γωεQ(θ̃hε , w̃

h
ε ) · ∇ϕw+

ε2
∫

ΓNθ

M(θ0)n · θ̃hε − ε2
∫

ΓNw

(Q(θ0, w0) · n)w̃h
ε . (5.9)

From the Cauchy-Schwarz inequality, the Trace Theorem 4 and the triangular inequality, we
obtain∫

Ω
γωε(M(θ̃hε ) · ∇sθ̃hε + Q(θ̃hε , w̃

h
ε ) · (θ̃hε −∇w̃h

ε )) ≤ ε2C1(‖θ̃hε ‖H1(Ω)
+ ‖w̃h

ε ‖H1(Ω)
) , (5.10)

where we have used the interior elliptic regularity of function θ and w. Finally, from the coercivity
of the bilinear form on the left hand side of (5.10), namely,

α
(
‖θ̃hε ‖2

H1(Ω)
+ ‖w̃h

ε ‖2
H1(Ω)

)
≤
∫

Ω
γωε(M(θ̃hε ) · ∇sθ̃hε + Q(θ̃hε , w̃

h
ε ) · (θ̃hε −∇w̃h

ε )) , (5.11)

we have,

C1ε
2
(
‖θ̃hε ‖H1(Ω)

+ ‖w̃h
ε ‖H1(Ω)

)
≥ α

(
‖θ̃hε ‖2

H1(Ω)
+ ‖w̃h

ε ‖2
H1(Ω)

)

≥ α

2

(
‖θ̃hε ‖H1(Ω)

+ ‖w̃h
ε ‖H1(Ω)

)2
. (5.12)

Then we obtain
‖θ̃hε ‖H1(Ω)

+ ‖w̃h
ε ‖H1(Ω)

≤ Cε2 , (5.13)

which leads to the result, with C =
2C1

α
independent of ε. �

Lemma 6. Let (θ̃pε , w̃
p
ε) be solution to the following variational problem: Find (θ̃pε , w̃

p
ε) ∈ V, for

all (ηθ, ηw) ∈ V, such that:




∫

Ω
γωε(M(θ̃pε) · ∇sηθ + Q(θ̃pε , w̃

p
ε) · ηθ) = ε

∫

Ω
γωεK∇z · ηθ − ε

∫

Ω
γωεKφ · ηθ ,∫

Ω
γωεQ(θ̃pε , w̃

p
ε) · ∇ηw = ε

∫

Ω
div(γωεKφ)ηw + ε

∫

∂Bε

g̃pηw ,
(5.14)

where g̃p = −(1− γ)Kφ(n) ·n and since Q(φ, z) = K(φ−∇z). Then, the estimates ‖θ̃pε‖
H1(Ω)

=

o(ε) and ‖w̃p
ε‖

H1(Ω)
= o(ε) hold true.

Proof. By setting ηθ = θ̃pε and ηw = w̃p
ε in (5.14), we have the equalities

∫

Ω
γωε(M(θ̃pε) · ∇sθ̃pε + Q(θ̃pε , w̃

p
ε) · θ̃pε) = ε

∫

Ω
γωεK∇z · θ̃pε − ε

∫

Ω
γωεKφ · θ̃pε , (5.15)

∫

Ω
γωεQ(θ̃pε , w̃

p
ε) · ∇w̃ε = ε

∫

Ω
div(γωεKφ)w̃p

ε + ε

∫

∂Bε

g̃pw̃
p
ε . (5.16)

After subtracting the second equality from the first one, there is
∫

Ω
γωε(M(θ̃pε) · ∇sθ̃pε + Q(θ̃pε , w̃

p
ε) · (θ̃pε −∇w̃p

ε)) = −ε
∫

∂Bε

g̃pw̃
p
ε

ε

∫

Ω
γωεK∇z · θ̃pε − ε

∫

Ω
div(γωεKφ)w̃p

ε − ε

∫

Ω
γωεKφ · θ̃pε . (5.17)

From the Cauchy-Schwarz inequality and the Trace Theorem 4, the first term on the right hand
side of (5.17) can be bounded as follows

∫

∂Bε

g̃pw̃
p
ε ≤ C0‖φ‖

L2(∂Bε)
‖w̃p

ε‖H1(Bε)
≤ C1ε

1/2‖w̃p
ε‖H1(Ω)

, (5.18)
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since ‖φ‖
L2(∂Bε)

= O(
√
ε). Now, let us consider the second term on the right hand side of (5.17).

Integration by parts yields
∫

Ω
γωεK∇z · θ̃pε = (1 − γ)

∫

∂Bε

Kθ̃pε · nz −
∫

Ω
div(γωεKθ̃

p
ε)z , (5.19)

since θ̃pε = 0 on ∂Ω. From the Cauchy-Schwarz inequality and the Trace Theorem 4, there is
∫

Ω
γωεK∇z · θ̃pε ≤ C2‖θ̃pε‖H1(Bε)

‖z‖
L2(∂Bε)

+ C3‖θ̃pε‖H1(Ω)
‖z‖

L2(Ω)
≤ C4ε

1/2‖θ̃pε‖H1(Ω)
, (5.20)

since ‖z‖
L2(∂Bε)

= O(
√
ε) and ‖z‖

L2(Ω)
= o(εδ), with δ < 1. Analogously, for the third term on

the right hand side of (5.17), we have
∫

Ω
div(γωεKφ)w̃p

ε ≤ C5ε
1/2‖w̃p

ε‖H1(Ω)
. (5.21)

Using similar arguments for the fourth term on the right hand side of (5.17), there is
∫

Ω
γωεKφ · θ̃pε ≤ C6ε

δ‖θ̃pε‖H1(Ω)
. (5.22)

Then, from the above results together with the triangular inequality we obtain
∫

Ω
γωε(M(θ̃pε) · ∇sθ̃pε + Q(θ̃pε , w̃

p
ε) · (θ̃pε −∇w̃p

ε)) ≤ C7ε
3/2
(
‖θ̃pε‖H1(Ω)

+ ‖w̃p
ε‖H1(Ω)

)
. (5.23)

From the coercivity of the bilinear form on the left hand side of (5.23), namely,

α
(
‖θ̃pε‖2

H1(Ω)
+ ‖w̃p

ε‖2
H1(Ω)

)
≤
∫

Ω
γωε(M(θ̃pε) · ∇sθ̃pε + Q(θ̃pε , w̃

p
ε) · (θ̃pε −∇w̃p

ε)) , (5.24)

there is,

C7ε
3/2
(
‖θ̃pε‖H1(Ω)

+ ‖w̃p
ε‖H1(Ω)

)
≥ α

(
‖θ̃pε‖2

H1(Ω)
+ ‖w̃p

ε‖2
H1(Ω)

)

≥ α

2

(
‖θ̃pε‖H1(Ω)

+ ‖w̃p
ε‖H1(Ω)

)2
. (5.25)

Then, we finally obtain

‖θ̃pε‖H1(Ω)
+ ‖w̃p

ε‖H1(Ω)
≤ Cε3/2 , (5.26)

which leads to the result, with C =
2C7

α
independent of ε. �

Finally, the proof of Lemma 2 follows immediately from the results of Lemma 5 and Lemma
6.

5.2. Estimation for the remainder E(ε) . Let us start by considering the remainder E1(ε)
given by (4.18), namely

E1(ε) = −1 − γ

2

∫

Bε

(M(x) ±M(x̂)) · ∇sθ̃ε + (Q(x) ±Q(x̂)) · (θ̃ε −∇w̃ε) , (5.27)

where the notations M = M(θ) and Q = Q(θ,w) have been introduced. From the Cauchy-
Schwartz inequality, we have

E1(ε) ≤ C0

(
‖M(x) −M(x̂)‖

L2(Bε)
‖∇sθ̃ε‖

L2(Bε)
+ ‖M(x̂)‖

L2(Bε)
‖∇sθ̃ε‖

L2(Bε)
+

‖Q(x) −Q(x̂)‖
L2(Bε)

‖θ̃ε −∇w̃ε‖
L2(Bε)

+ ‖Q(x̂)‖
L2(Bε)

‖θ̃ε −∇w̃ε‖
L2(Bε)

)
. (5.28)

From the interior elliptic regularity of functions θ and w, there are ‖M(x)−M(x̂)‖ ≤ c0‖x− x̂‖
and ‖Q(x)−Q(x̂)‖ ≤ c1‖x− x̂‖ in Bε(x̂), where c0 and c1 are constants independent of ε. Then

E1(ε) ≤ C1ε
(
‖∇sθ̃ε‖

L2(Bε)
+ ‖θ̃ε −∇w̃ε‖

L2(Bε)

)
, (5.29)
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where we have used the fact that ‖Q(x̂)‖
L2(Bε)

= O(ε), ‖M(x̂)‖
L2(Bε)

= O(ε) and ‖x− x̂‖
L2(Bε)

=

O(ε2). From the triangular inequality together with Lemma 2, we finally obtain

E1(ε) ≤ C1ε
(
‖∇sθ̃ε‖

L2(Ω)
+ ‖θ̃ε‖

L2(Ω)
+ ‖∇w̃ε‖

L2(Ω)

)

≤ C1ε
(
‖θ̃ε‖

H1(Ω)
+ ‖w̃ε‖

H1(Ω)

)
= o(ε2) . (5.30)

Regarding the remainders E2(ε) and E3(ε) given respectively by (4.19) and (4.20), let us
introduce the notations h2 = M(θ) · ∇sθ and h3 = Q(θ,w) · (θ−∇w). From the interior elliptic
regularity of the functions θ and w, we have ‖hi(x) − hi(x̂)‖ ≤ ci‖x − x̂‖ for i = 2, 3 in Bε(x̂),
where ci are constants independent of ε. Therefore,

Ei(ε) = −1 − γ

2

∫

Bε

(hi(x) − hi(x̂))

≤ Ci

∫

Bε

‖x− x̂‖ = o(ε2) . (5.31)

We introduce the notations G4 = ∇sφ, H4 = M(θ) and G5 = φ − ∇z, H5 = Q(θ,w). Once
again, from the interior elliptic regularity of the functions θ and w, there are ‖Hi(x)−Hi(x̂)‖ ≤
ci‖x− x̂‖ for i = 4, 5 in Bε(x̂), where ci are constants independent of ε. Thus

Ei(ε) = −ε1 − γ

2

∫

Bε

Gi · (Hi(x) −Hi(x̂))

≤ εC0‖Gi‖
L2(Bε)

‖Hi(x) −Hi(x̂)‖
L2(Bε)

≤ εCi‖Gi‖
L2(Bε)

‖x− x̂‖
L2(Bε)

= o(ε2) , (5.32)

where we have also used the interior elliptic regularity of functions φ and z.
Finally, from a change of variable of the form (x − x̂) = εy, the remainder E6(ε) given by

(4.23) can be written as follows

E6(ε) = −ε3 1 − γ

2

∫

B1

φ(y) · Q(θ,w)(x̂) = o(ε2) , (5.33)

where B1 is a ball of unitary radius.

6. Conclusions

In this paper the topological derivative for the total potential energy associated with the
Reissner-Mindlin plate bending problem has been derived. Since it is modeled by a coupled
system of partial differential equations, an appropriated ansätz has been introduced, leading to
two exterior uncoupled problems. For the particular case associated with circular inclusions,
these problems have explicit solutions. Therefore, a closed formula for the topological derivative
has been derived with help of such solutions together with the Eshelby theorem. In addition, the
existence of the topological derivative has been proved and precise estimates for the remainders
have been derived. The obtained result can be used in many applications such as topology
optimization of structures under inplane bending and transversal shear effects, allowing for
overcome some numerical difficulties associated with the Kirchhoff plate bending model reported,
for instance, in [17].
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[22] J. Soko lowski and A. Żochowski. On the topological derivative in shape optimization. SIAM Journal on

Control and Optimization, 37(4):1251–1272, 1999.
[23] N. Van Goethem and A. A. Novotny. Crack nucleation sensitivity analysis. Mathematical Methods in the

Applied Sciences, 33(16):197–1994, 2010.
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