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ABSTRACT. The topological derivative provides the sensitivity of a given shape functional with
respect to an infinitesimal (non smooth) domain perturbation at an arbitrary point of the
domain. Classically, this derivative comes from the second term of the topological asymptotic
expansion, dealing only with infinitesimal perturbations. However, for practical applications,
we need to insert perturbations of finite size. Therefore, we consider one more term in the
expansion which is defined as the second order topological derivative. In order to present
these ideas, in this work we calculate first as well as second order topological derivatives for
the total potential energy associated to the Laplace’s equation, when the domain is perturbed
with a hole. Furthermore, we also study the effects of different boundary conditions on the
hole: Neumann and Dirichlet (both homogeneous). In the Neumann’s case, the second order
topological derivative depends explicitly on higher-order gradients of the state solution and also
implicitly on the point where the hole is nucleated through the solution of an auxiliary problem.
On the other hand, in the Dirichlet’s case, the first order topological derivative depends explicitly
on the state solution as well as implicitly through the solution of an auxiliary problem, and the
second order topological derivative depends only explicitly on the solution associated to the
original problem. Finally, we present two simple examples showing the influence of both terms
in the second order topological asymptotic expansion for each case of boundary condition on
the hole.

1. INTRODUCTION

The topological sensitivity analysis gives the topological asymptotic expansion of a shape
functional with respect to an infinitesimal domain perturbation, like the insertion of holes,
inclusions or source term [3, 12]. The second term of this expansion provides the topological
derivative, which has been applied in several problems, such as topology optimization, image
processing and inverse problems. Analogously to the classical Taylor’s theorem, we can consider
new terms in the topological asymptotic expansion of a smooth enough shape functional. As
would be expected, we define the next one as the second order topological derivative. This
procedure allows to deal with perturbation of finite size, which is an important requirement for
practical applications.

In our previous work [5] we have extended the method proposed in [11] to calculate the
second order topological asymptotic expansion for the Laplace’s equation; considering the total
potential energy as the shape functional, the state equation as the constraint and taking into
account two different homogeneous boundary conditions on the hole: Neumann and Dirichlet.
In particular, we will demonstrate that the second order topological derivative associated to
the Neumann’s case depends explicitly on higher-order gradients of the state solution and also
implicitly on the point where the hole is nucleated through the solution of an auxiliary problem.
Concerning the Dirichlet’s case, the first order topological derivative depends explicitly on the
state solution as well as implicitly through the solution of an auxiliary problem. However, in
this last case, the second order topological derivative is given explicitly in terms of the state
solution. Furthermore, for the sake of simplicity, in [5] we have disregarded all these implicit
terms, leading to a discrepancy in the topological asymptotic expansion.

Therefore, in the present paper we calculate the complete second order topological asymp-
totic expansion for the two cases under consideration. Then, we present two simple examples
with analytical solutions, where we discuss the effects of the ad hoc approximations adopted
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in [5] and also the influence of both explicit and implicit terms on the topological asymptotic
expansion. More specifically, we show that these new implict terms play a crucial role in the
analysis. Although very expansible to be computed in the whole domain, they cannot be simply
disregarded in the case of bounded domains.

2. TOPOLOGICAL-SHAPE SENSITIVITY METHOD

Let us consider an open bounded domain 2 C R?, with a smooth boundary 9€2. Then, we
drill a small hole H, of radius € and center at point X € ). Thus, we have a perforated domain
Q. = Q\H., whose boundary is denoted by 9. = 9Q U OH.. If we assume that a given shape
functional ¢ admits the following topological asymptotic expansion

$(Qe) = () + f1(e) Drvo + fo(€) D + o( f2(e)) | (2.1)

where f1(¢) and fa(e) are positive and smooth functions that decreases monotonically such that
f1(e) = 0, fo(e) = 0 when € — 0" and

. fale) i _
e =0 I =% (22)

then, Dpy and D%z/; are the first and second order topological derivatives of 1, respectively. In
fact, from the approach presented in the work [11], the following results hold:

o(f2(¢))

) 1 d
Dty ;I_T:%m£¢ (Qs) ) (2-3)
2 _ . 1 d gl

The derivative of the shape function with respect to the parameter ¢, that appears in egs.
(2.3,2.4), can be seen as its classical shape sensitivity analysis to the change in shape produced
by a uniform expansion of the hole. In particular, for a circular hole, we can define a sufficiently
regular shape change velocity field v, such that on the boundary 92, v[z;, = —nand v|y, = 0,
where n is the outward unit normal vector field to the hole H.. Thus, it is possible to introduce
an analogy to classical continuum mechanics [8] whereby the shape change velocity field v is
identified with the classical velocity field of a deforming continuum and ¢ is identified as a time
parameter (refer to [13] for analogies of this type in the context of shape sensitivity analysis).
Then, the shape derivative of the cost functional results in an integral on the boundary 0Hc,
that is

d
%77/)(96) = - /BHg Yn-n, (2-5)

where tensor 3. can be interpreted as a generalization of the Eshelby energy-momentum tensor
[6, 9], which is derived by making use of Reynolds’ transport theorem [8] and the concept of
material derivative of a spatial field [13]. As a consequence, this tensor plays a central role in the
topological-shape sensitivity method and should be clearly identified according to the problem
under consideration.

3. TOPOLOGICAL DERIVATIVE FOR LAPLACE’S PROBLEM

In this section we will calculate the topological derivative for steady-state heat conduction
considering homogeneous Neumann and Dirichlet boundary conditions on the hole and adopting
the total potential energy as the shape functional.

The variational formulation of the problem associated to the original domain €2 can be stated
as: find u € U (), such that

/Vu~V77dV+/ qndS =0 YneV(Q), (3.1)
Q Ty



where U (2) and V (Q2) are respectively defined as
UQ):={ucH (Q): ulp, =9} and V(Q):={ne H'(Q): nlp,, =0} . (3.2)

In addition, 02 =I'p UT'y with I'p NI'y = @&, when I'p and I'y are Dirichlet and Neumann
boundaries, respectively. Thus ¢ is a Dirichlet data on I'p and ¢ is a Neumann data on 'y,
both assumed to be smooth enough.

Now, let us state the variational problem associated to the perturbed domain 2., that is: find
ue € U (), such that

/ Vu, - Vn.dV +/ qnedS =0 Vn. € V. () , (3.3)
Qe I'n

where U (Q:) and V. () are given, respectively, by
Us () := {ue €U () 1 Buclgy, =01 and Ve () :={n: € V() : B1elgy. =0}, (3.4)

with 8 € {0,1}. This notation should be interpreted as follows: when 8 =1, u. =0 and n. =0
on OH., and when 8 = 0, u. and 7. are free on OH.. Therefore, according to the values of 3,
we have Dirichlet or Neumann boundary condition on the hole, both homogeneous.

As already mentioned, the total potential energy associated to the problem under analysis is
adopted as the shape functional, that is

1
v =5 [ 1vulPavs [ quas. (3.5)
Q. I'n

Considering the Reynold’s transport theorem and the concept of material derivative of spatial
field, the Eshelby tensor X. is given by [11]

1
T =3 [Vue||* T — (Vue ® V) . (3.6)
From an orthonormal curvilinear coordinate system n and t on the boundary 0H., the gradient
V| on. can be decomposed into its normal and tangential components, that is

_ Oue
ot

and we can apply the respective Neumann or Dirichlet boundary condition on the hole before
perform the final topological derivatives calculation.

(Vue -n)n = %Z:jn and  (Vuz-t)t t, (3.7)

3.1. Neumann boundary condition on the hole. By taking § = 0 in eq. (3.4), we have
homogeneous Neumann boundary condition on the hole. In the present case, we have the
following expansion for u. (see Appendix)

2

ue (x) = u(x)+||xi§”2vu(§).(x_;()
et R R 26 R ) A
+ MS(X—X)-(X—X)+W(T(X—X))(X—X).(X_X)
4
+ )+ g VI @) () R) 4 e (). (3.8)

where the second-order tensor S and the third-order tensor T are respectively given by
1 ~ 1 ~
S = §VVu (X) and T = EVVVu (X) . (3.9)

In addition, v, is such that |v.| Q) < Ce3, with C independent of ¢, and function @ is solution
of the following variational problem: find u € V), such that

/va.vn+ 99N, 0 wpew, (3.10)
Q I'n an
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where the admissible functions set V and the admissible variations space W are defined, respec-
tively, as

V={uecH (Q): ulp, =—gn} and W={ne HY(Q) : nlp,, =0}, (3.11)
and function gy is given by
gN(x) = Vu(R)  ———— . (3.12)
Ix — x|

In addition, according to the variational problem (3.3) we observe that OQue/dn|y,, = 0, for
B8 = 0. Therefore, the shape derivative of the cost functional reads

w1, (5

Considering the expansion (3.8) in (3.13) and after analytically solving the integral on the
boundary of the hole OH,., we obtain, from eqgs. (2.3,2.4) and taking into account that function
u is harmonic, the following results

Dry = —|Vu®)|*, (3.14)

D3 = %detVVu(ﬁ)—Vu(ﬁ)-Vﬂ (%) , (3.15)

with fi(¢) = me? and fo(e) = we*. Finally, the topological asymptotic expansion of the energy
shape functional reads

V() = Y(Q) — me? || VuE)|? + %weA‘ (det VVu(X) — 2Vu(X) - V(X)) + o(e?) . (3.16)

3.2. Dirichlet boundary condition on the hole. By taking § = 1 in eq. (3.4), we have
homogeneous Dirichlet boundary condition on the hole. Let G (x) be solution of the following
auxiliary variational problem: find G € V, such that

/VQ-V?]+/ hpn=0 VYneWw, (3.17)
Q I'y

where the admissible functions set ¥ and the admissible variations space W are defined, respec-
tively, as

V={GeH(Q): G|, =gp} and W={neH'(Q):nlp, =0}, (3.18)
and functions gp and hp are respectively given by
1 1 x—x
x)=——Iog|x—%X|| and hp(xX)=-———5"n 3.19
ap(x) =~ log [x — %] R (3.19)
Then, we have the following expansion for u. (see Appendix A)
~ (1 ~
i) = 6 - aEu) (5 loglxx] +6x))
2
€ N ~ ~ o~
R (Vu (X) — ale)u (X) VG (X)) - (x = X) + Ue (x) (3.20)
X—X

where e is such that [te| g1 (g ) < Ce?, with C independent of ¢, and «(g) is given by (A.20). In
addition, according to the variational problem (3.3) we observe that Jue/0t|5;_ =0, for 8 = 1.
Therefore, the shape derivative of the cost functional reads

iwma:;ém<§jz. (3.21)
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Considering the expansion (3.20) in (3.21) and after analytically solving the integral on the
boundary of the hole 0H., we obtain, from eqgs. (2.3,2.4), the following results

D = %)? ith S — 22
Tw U(X) ; wit fl(g) 10g€+ 27Tg(§) ) (3 )
Diy = ||[Vu(X)|? , with fo(e) = we? . (3.23)
Finally, the topological asymptotic expansion of the energy shape functional reads
T
Q) =9(Q) — —————u(X)? 2 %) 3. .24
V() = V(@) ~ g (@ + e [Vu@) + ofe?) (321

It is important to mention that the domain truncation technique used in [5] introduces an
artificial parameter R in the first order topological derivative, which cannot be explicitly cal-
culated. Thus, the simplification f;(e) ~ —n/loge has been widely adopted in the literature,
leading to the following expansion (see, for instance, [7])

() = () (%)” + o

The consequence of this approximation on the topological asymptotic expansion can be found
in [5].

). (3.25)

B logsu loge

4. EXAMPLES

Now, we shall study, through some examples, the influence of the second order topological
derivative in the complete topological asymptotic expansion. Therefore, we will compute the
estimate for the shape functional taking into account only the first order topological derivative

Q) = P(Q) + fi(e) D . (4.1)

Then we will compare it with the estimate considering both first and second order topological
derivatives, that is

() = P(Q) + fi(e)Dry + fa(e) DFep . (4.2)

Thus, let us consider the Laplace problem defined in the domain Q. = Q\H., where, for ¢ < p,
we have

Q={xeR*:|x| <p, peR} and H.={xeR®:[x| <e ceR}. (4.3)

4.1. Example A: the Neumann’s case. By taking ¢ = —(cosf + cos26), the problem for-
mulation associated to the perturbed domain €2, reads: find u., such that

Aus = 0 in Q.
% = cosfl+cos20 on O . (4.4)
S5 = 0 on OH.
The analytical solution is given, up to an arbitrary additive constant, by
2 /.2 2 3 4 4
_po(rote p rT+¢
ua(r, 0) = 7 <p2—52> COSG + ﬁ <p4—5‘4) COS 26 . (45)

Thus, the shape functional is given by

2 /.2 .2 4 .4
pe(p°+e 1p*+e
Qe) =—m— = ) 4.
w0 = -y (555 + 55 75) (46)
which can by expanded in power of €, such that
3 3
Y (Q) = —Zﬂpz —me? — 7r542—p2 +o0 (64) . (4.7)
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Taking into account the influence associated to term u (x) in the topological asymptotic expan-
sion, we have

~ 1
V() ~ Y(Q) -7 ||[Vu )|+ §7r54 (det VVu(X) — 2Vu (X) - Vu(x))
= _Zﬂ.p — TET — TE <2p2 + p2> s (48)
that coincides with the above expansion in power of €, where u(x) is solution of (3.10), that is
~ 1 e 1
u(r,0) = —?r cos) = Vu(x) Vu(x)= - (4.9)

On the other hand, disregarding the influence of term associated to u (x), we obtain

V() ~ ¢(Q)—7752||Vu(§)||2+%ws4detVVu(§)

3 1
= —177,02 — me? — 2—p27r54 . (4.10)
In particular, by taking p = 1, the first order topological asymptotic expansion is given by

3 2

P (Qe) =~ —T T (4.11)

the second order topological asymptotic expansion, disregarding the influence of term associated
to u(x), results in
U (Q) =~ —zﬂ' — me? — %7754 , (4.12)
and, finally, taking into account the influence of term associated to @ (x), we have
3T 9 3 4

Y (Q) = o T gme (4.13)

These results are compared in the graphic of fig. 1, where we observe that the approximation
associated only with higher-order gradients of solution u eq. (4.12) gives a better estimation for
the shape functional than the first order topological asymptotic eq. (4.11). We also observe that
the approximation taking into account the term associated to u eq. (4.13) plays an important
role in the expansion for large values of €.

0.0

0.1 0.2 0.3 0.4 0.5 06 € 07
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4.2. Example B: the Dirichlet’s case. Now, let us consider ¢ = v+cosf. Then, the problem
formulation associated to the perturbed domain €2, reads: find u., such that

Au, = 0 in Q.
us = 7y+cosf on 0N (4.14)
u: = 0 on OH.

whose analytical solution is given by

og(r/e r? — g2
us(r,0) = ’Yioipﬁefi + g () cos . (4.15)

Thus, the shape functional results in

2 .2
U Tp te
Q)= — P+ 5. 4.16
V)= gl T2 -2 (410
which can by expanded in power of €, such that
T T 1
P (Q) ==+ —2+ 7l = + 0 (7). (4.17
=5 log(p/e) p? (=) )

Taking into account the final formulas for the first and second order topological derivatives, we
have

s

Dryp = ~*, with fi(e) = Tog(p/2) ’ (4.18)
Diap = p12 , with fo(e) = 7e? . (4.19)

that coincides with the above expansion in power of €, where G(x) is solution of (3.17), that is

AG = 0 n 0 1
{ G = —5logp on 00 = g(x)—_glogﬂ- (4.20)

Now, we shall study the influence of the second order topological derivative in the topological
asymptotic expansion. Therefore, choosing p = v = 1, we can compute the estimate for the
shape functional taking into account only the first order topological derivative

™

P(§e) ~ g - (4.21)

loge

Then we will compare it with the estimate considering both first and second order topological
derivatives, that is

™

og + me?. (4.22)

T
P(Qe) ~ 57

These results are compared in the graphic of fig. 2, where we observe that the second order
topological derivative is an important correction factor in the expansion for large values of ¢.
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FIGURE 2. topological asymptotic expansions: the Dirichlet’s case.
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In this work, we have obtained a close formula for the topological asymptotic expansion con-
sidering first and second order approximations. In particular, we have applied the topological-
shape sensitivity method to calculate first and second order topological derivatives for the total
potential energy associated to the Laplace equation in two-dimensional domain, which was per-
turbed through the insertion of a small hole with homogeneous Neumann or Dirichlet boundary
conditions.

From these results we observe that, in the Neumann’s case, the second order topological
derivative depends explicitly on higher-order gradients of the solution u associated to the non-
perturbed problem and also implicitly through the function %, solution of an auxiliary boundary
value problem. On the other hand, in the Dirichlet’s case, we have observed that the first order
topological derivative depends explicitly on the solution u as well as implicitly on the solution
G of an auxiliary problem. However, in this last case, the second order topological derivative
depends only explicitly on the solution u. In addition, the incorporation of the terms associated
to u (Neumann’s case) and G (Dirichlet’s case) in the calculation of the topological asymptotic
expansion for all points X € €2 is impracticable from the computational point of view, since they
depend on the point X € 2 where the hole is positioned, as can be seen in egs. (3.10,3.17). Thus,
it is natural to use the optimality condition given by the first order topological derivative (D))
to chose the points where the holes should be introduced. Once these points are fixed, then we
can compute the complete topological asymptotic expansion until order two, considering both
explicit and implicit terms, only for that points.

Then, we have presented two simple examples showing the influence of the second order
approximation term in the topological asymptotic expansion. From these examples, we have
observed that the estimate considering the second order topological derivative remains precise
even for very large holes, allowing to deal with perturbations of finite size. This feature is very
important in the development of topology optimization and reconstruction algorithms.
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APPENDIX A. ASYMPTOTIC ANALYSIS

In this section we present the derivation of the asymptotic expansions (egqs. 3.8 and 3.20)
adopted to calculate the final expressions for the first and second order topological derivatives.
For a rigorous justification of the asymptotic expantions of the solution u., the reader may refer
to the work [1].

A.1l. Neumann boundary condition on the hole. In order to obtain the derivation of the
asymptotic formula given by eq. (3.8), let us propose the following expansion for u.

Ue (x) = u(x) +w(x/e) + ue(x) (A.1)

where w is the solution of the following exterior problem: find w such that

Aw = 0 in R%\H;
w — 0 at 00 (A.2)
ow _

S —(eVu(X) — 26?Sn + 3¢3(Tn)n) -n on  IH;
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with S and T given by eq. (3.9). The above boundary value problem has an explicit solution,

namely
2
w(x/e) = Hxiﬁnzvu(i).(x—i)
4
+ HX;WS(X—Q)-(X—@
66
+ m(T(x—i))(x—i).(x—az).

In addition, the remaining term of expansion (A.1l) solves: find u. such that

Au. = 0 in €
u. = —w(x/e) on I'p
Jue —%w (x/e) on Iy

% = SD%(Ex)) () on IH.

(A.3)

(A.4)

where £(x) is an intermediate point between x and X. Likewise, we assume that ., solution of

the boundary value problem (A.4), satisfies the expansion
Ue (x) = €2 (x) + @ (x/€) + ve (x)
where w is the solution of the following exterior problem: find w such that
Aw = 0 in R2\H;
w — 0 at 00

go —e3VU(X)-n on  9H;

which also has explicit solution, that is

w(x/e) =

= . a2
Ix =X

4
Vi (®) - (x-%) .

By introducing the notation,

g(x) = MW@)'(X‘@’
M = SR (%)
pE) = — (Tx-R)(x-%) (x—%),

I — x°
we have
w (x/e) = e%g (x) +&'h (x) + % (x) .
Thus, function u satisfies a boundary value problem stated as: find % such that

Au = 0 in Q
v = —g(x) on I'p
% = - (%g (x) on T'y

and the remaining term of expansion (A.5) solves: find v, such that

Av, = 0 in £
Ve = —iD(X/E) - €4h,(X) - EGP(X) on FD
Qo = 2 (g(x/e) + eth(x) + e5p(x)) on Ly

% = (D'u(€(x)(n)! — D*u(¢(x))(n)?) on OH.

(A.5)

(A.6)

(A7)

(A.8)
(A.9)

(A.10)

(A.11)

(A.12)

(A.13)

where ¢(x) is an intermediate point between x and X. Finally, we have the following expansion

for solution wu,,
e (%) = u (%) + w(x/e) + () + Blx/e) + ve(x).

(A.14)
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where v, satisfies the estimate [ve|z (g ) < Ce3, with constant C' independent of ¢ [2, 4, 10].

A.2. Dirichlet boundary condition on the hole. Following the original ideas introduced in
[10], we present the derivation of the asymptotic formula given by (3.20). Initially, we consider
that u. can be decomposed as

Ue (X) = u (X) + ve (x) + w (x/e) + U (X) (A.15)
where the function v, is defined as
ve (x) = a(e)u (X) G(x) , (A.16)
and G is solution of the following boundary value problem: find G, such that
-AG = 0(x—X) in Q

G =0 on I'p (A.17)
g—g = 0 on I'y

which admits the following representation in the neighborhood of the point X € €2
1 ~ . ~
G(x)=— (%log lx—x|| + g(x)> ,  with [|x—X|| =0, (A.18)

where G is harmonic in 2 and must compensate the discrepancy on 952 introduced by the above
representation, that is, G is solution of the auxiliary boundary value problem: find G, such that

AG = 0 in Q
ag = —%logllgc—ﬁ\l on Tp (A.19)
% = —ﬂﬁ-n on I'y

The choice .
1 O\
ale) = (% loge + g(x)) , (A.20)

guarantees the decay at infinity of the remaining terms. Furthermore, function w is solution of
the exterior problem: find w, such that

Aw = 0 in R2\H;
w — 0 as |yl = oo (A.21)
w = &(Vu(X)—ale)u(X)VG (X)) -n on I0H;

which has a close solution, given by
2
w(x/e) = =

€
Finally, function u. is constructed in such a way that compensate the discrepancy introduced
by the previous terms of the expansion for u., thus it solves: find ., such that

(Vi (%) — ale)u (X) VG (X)) - (x — %) . (A.22)

<9
[x—x||

Au, = 0 in
ue = —w(x/e) on I'p
B~ —Pux) i on Ty (4.23)
B = —Du(E) - a( R D) M on O

where &(x) and {(x) are intermediate points between x and X. In fact, this remaining term
admits the following estimate mf’Hl(Qa) < Ce?, with C independent of ¢ [2, 4, 10].
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