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Abstract. We put forward a novel application of the topological derivative method, in
the context of multiscale electromagnetic material modeling, to the design of epsilon-near-
zero (ENZ) metamaterials. Unlike conventional homogenization techniques, the proposed
approach is valid for a broad frequency range and benefits from a well-defined variational
structure. Leveraging this structure, we derive the sensitivity of the effective macroscopic
electric permittivity tensor to microscale topological changes. By predicting unique ENZ
plasmonic composites at a desired broad range of visible and near-infrared wavelengths,
we demonstrate that the topological derivative approach allows for a systematic design of
optimized ENZ metamaterials with nontrivial, unprecedented geometries responsible for
functionalities that cannot be achieved with traditional metamaterial synthesis techniques.

1. Introduction

The generation, manipulation, and detection of light are key functionalities in photonics
that rely on light–matter interactions in a crucial way. According to Maxwell’s equations,
these interactions are governed by two fundamental material parameters: the relative elec-
tric permittivity (εr) and relative magnetic permeability (µr), which together define the
relative refractive index (nr =

√
εrµr).

Naturally occurring materials offer limited possibilities and degrees of freedom to control
the refractive index contrast and its dispersion in time and frequency domains. Circum-
venting these limitations has driven notable progress in the field of metamaterials and
photonics over the last years, allowing for unprecedented control over the spatiotemporal
(r, t) ∈ R3 × R+ engineering of εr(r, t), µr(r, t), and consequently nr(r, t). Key advances
in this field include the development of photonic crystals, based on periodic modulation of
the refractive index [1]; plasmonic systems, which exploit materials exhibiting both positive
and negative permittivity [2]; and negative-index metamaterials, which have demonstrated
negative refractive indices [3]. Altogether, these innovations have substantially broadened
the accessible parameter space for engineering light–matter interactions, leading to more
precise control over electromagnetic wave propagation in material media, and paving the
way for new functionalities and applications in photonics.

In the specific case of negative-index metamaterials, recent advances in nanofabrication
techniques have enabled their operation at terahertz and visible frequencies. However,
despite this progress, the negative refractive index response remains typically confined
to narrow spectral bands. As a result, the refractive index ranges between positive and
negative values, resulting in intermediate-frequency regions where it approaches zero. Such
near-zero-index behavior can arise through three distinct scenarios, namely: epsilon-near-
zero (ENZ), where ε → 0; mu-near-zero (MNZ), where µ → 0; and epsilon-and-mu-near-
zero (EMNZ), where both ε and µ simultaneously approach zero [4, 5, 6, 7]. These scenarios
are central to the emerging field of near-zero-index (NZI) materials for photonics [4, 5,
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6, 7, 8]. In the following, we focus exclusively on the design of epsilon-near-zero (ENZ)
metamaterials.

ENZ materials exhibit a wide range of remarkable electromagnetic properties [9, 10, 11]
such as perfect absorption [12], enhanced optical nonlinearities [13, 14, 15], and optimized
coupling between waveguides that facilitates the development of integrated photonic de-
vices [16]. Many of these unique electromagnetic properties are at the origin of a wide
range of ENZ-based applications that include efficient geometry-independent antennas [17],
terahertz wave generators [18], invisibility cloaks [19], and optomechanical devices [20].
There exist two major material platforms to design and engineer ENZ materials, namely
naturally occuring materials and manmade, artificial metamaterials. Examples of the for-
mer class of materials include metals, semiconductors, oxides, and halides, which exhibit an
intrinsic dielectric permittivity near zero [21]. In contrast, the latter class includes materials
such as superlattices [22], multilayers [23], plasmonic systems [24], all-dielectric structured
materials [25] and ENZ organic compounds [26]. In both classes of materials ENZ fre-
quency bands are narrow, which not only hamper many applications but also motivate the
development of alternative strategies for efficient design of optimized ENZ metamaterials.
Therefore, to enable practical applications across various spectral ranges, it is essential to
tune the frequency at which the ENZ condition occurs.

Beyond well-established topology optimization methods, such as SIMP [27], level-set [28],
and phase-field approaches [29], in this paper we propose a novel topological derivative-
based strategy for the synthesis of artificial metamaterials. The topological derivative
method [30] enables a systematic design of physical systems, which naturally allows both
shape and topology changes in the structure. In fact, the topological derivative method
has been successfully applied in many different fields, including the synthesis of elastic mi-
crostructures by considering first [31] as well as second-order homogenized elasticity tensor
[32]. See also further developments in [33, 34, 35, 36]. In the context of electromagnetism,
a novel multiscale constitutive model for micro-structured electromagnetic media has been
recently proposed in [37]. In contrast to conventional homogenization approaches, such
a model is based on the Method of Multiscale Virtual Power applied to Maxwell’s equa-
tions, so that its applicability ranges from low-frequency to high-frequency regimes. Since
the model presents a clear variational structure, its sensitivity with respect to microscopic
topological changes is derived here with the help of the topological derivative method. In
particular, the resulting sensitivity leads to a second-order tensor field over the microstruc-
ture that measures how the effective macroscopic electric permittivity tensor estimated
within the multiscale framework from [37] changes when a small topological perturbation
is introduced at the microscale. The obtained result is used to devise a topology design
algorithm for electromagnetic microstructures, which is applied in the context of the synthe-
sis of epsilon-near-zero (ENZ) metamaterials. We demonstrate that the proposed method
allows for the design of structures that are optimized to exhibit ENZ behavior at desired
frequency domains, which should enable optimized functionalities at target wavelengths.

The paper is organized as follows. The adopted multiscale formalism used to estimate the
effective electric permittivity is introduced in Section 2. The topological derivative of the
effective electric permittivity with respect to topological microscopic changes is presented in
Section 3. The resulting topology design algorithm, based on the topological gradient and
a level-set domain representation method, is explained in detail in Section 4. A numerical
experiment dealing with the synthesis of ENZ metamaterials for varying wavelengths is
reported in Section 5. Some concluding remarks are highlighted in Section 6. Finally, the
proof of the main result, summarized in Theorem 2, is outlined in all details in Section 7.
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2. Multiscale Modeling

Let us consider a micro-structured electromagnetic material composed of cells periodically
arranged. Each cell is represented by Ω ⊂ R3, whose boundary is denoted by ∂Ω. Following
the original ideas by Blanco et al. [37], the effective permittivity is defined by the following
second-order tensor written in terms of its Cartesian components

[εeff ]ij =
1

|Ω|

∫
Ω

n2
(
δij + [E(j)]i

)
dx, with i, j = 1, 2, 3. (2.1)

where δij is the Kronecker delta and n is the refractive index of the cell medium. Each
E(j) : Ω 7→ C3, for j = 1, 2, 3, is solution to the cell-problem of the form: Find E(j) ∈ V ,
such that∫

Ω

(
∇× E(j) · ∇ ×W − k20n2E(j) ·W

)
dx =

∫
Ω

k20n
2ej ·Wdx ∀W ∈ V , (2.2)

where ej ∈ R3 is the jth-canonical Cartesian direction and k0 is the wave-number. The
space V is defined as follows:

V := {V ∈ Hcurl(Ω;C3) : ⟨V ⟩ = 0,with V ∂Ω-periodic}, (2.3)

where Hcurl(Ω;C3) is used to denote the standard complex-valued Hilbert space of vector
functions V : Ω 7→ C3, such that V ∈ L2(Ω;C3) and ∇× V ∈ L2(Ω;C3). In addition,

⟨(·)⟩ :=

∫
Ω

(·) dx. (2.4)

Finally, we assume that the refractive index at the microcell n is given by a piece-wise
constant function of the form

n = n1 in Ω1 and n = n2 in Ω2, (2.5)

with Ω = Ω1 ∪ Ω2, such that Ω1 ∩ Ω2 = ∅. Therefore, we can define the contrast γ = γ(x)
on the material property as follows

γ =
n2

n1

in Ω1 and γ =
n1

n2

in Ω2. (2.6)

Definition 1. In the case of isotropic constitutive response, the effective electric permittivity
from (2.1) can be written as [εeff ]ij = ε δij, where δij is the Kronecker delta and ε ∈ C. Let
us denote the effective refractive index as neff =

√
ε, with neff = n′

eff + in′′
eff , where n

′
eff and

n′′
eff are the real and imaginary parts of neff , with i =

√
−1. The so-called ENZ property is

attained when ε′ ≈ 0, which implies n′
eff ≈ n′′

eff .

3. Topological Derivative Method

The topological derivative is a relatively new concept originally designed to deal with
topology optimization [38, 39]. It is defined as the first term of the asymptotic expansion of
a given shape functional with respect to a small parameter that measures the size of singu-
lar domain perturbations, such as holes, inclusions, source-terms and cracks. This concept
can naturally be used as the steepest descent direction in an optimization process, like any
method based on the gradient of a cost functional. Therefore, the topological derivative
method has been successfully applied in many different fields such as image processing,
inverse problems, multi-scale material design, and mechanical modeling, including damage
and fracture evolution phenomena. For a comprehensive overview of the most recent de-
velopments on the topological derivative method, the reader may refer to the collection of
articles in the special issue On the topological derivative and its applications in computa-
tional engineering [40], for instance. In this paper, we are interested in the optimal design
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of electromagnetic media. Therefore, we derive the sensitivity of the effective electric per-
mittivity with respect to the nucleation of a spherical inclusion at the microscopic level.
This result can be summarized as follows.

Theorem 2. The topological derivative of the effective permittivity second-order tensor
εeff with respect to the nucleation of a small spherical inclusion, endowed with a different
material property from the background, is given, for i, j = 1, 2, 3, by

[DT εeff ]ij(x) = −1− γ2

|Ω|
n2(δij + [E(i)]j + [E(j)]i + E(i) · E(j))(x) ∀x ∈ Ω, (3.1)

where n is the refractive index of the microcell domain (2.5), γ is the contrast (2.6) and
E(k) are the electric vector fields, solutions to the cell-problems (2.2) for k = 1, 2, 3.

Proof. The proof of this result is given in Section 7. □

The expression (3.1) allows us to calculate the exact topological derivative of any differen-
tiable function of εeff by direct application of the conventional rules of differential calculus.
That is, any such function ψ : C3 × C3 7→ C has exact topological derivative of the form

DTψ = ⟨Dψ(εeff), DT εeff⟩ , (3.2)

with the brackets ⟨·, ·⟩ denoting the appropriate product between the derivative Dψ(εeff) of
ψ with respect to εeff and the topological derivative of εeff , called DT εeff . This observation
points strongly to the suitability of the use of (3.2) in a topology algorithm for the syn-
thesis and optimal design of electromagnetic micro-structured metamaterials based on the
minimization/maximization of cost functions defined in terms of effective properties.

4. Topology Design Algorithm

Following the original ideas introduced by Amstutz & Andrä [41], in this section, we
present a topology design algorithm based on the topological derivative of a shape func-
tional J : Ω 7→ R combined with a level-set domain representation method for solving
the optimization problem we are dealing with. In particular, the domains Ω1 and Ω2 are
characterized by a level-set function Ψ : Ω 7→ R of the form

Ω1 = {x ∈ Ω : Ψ(x) < 0} and Ω2 = {x ∈ Ω : Ψ(x) > 0}. (4.1)

We define the steepest descent direction g : Ω 7→ R as follows

g(x) :=

{
−DTJ(x), if Ψ(x) < 0,

+DTJ(x), if Ψ(x) > 0,
(4.2)

which will be referred to as topological gradient of the shape functional J(Ω). For future
reference, we also define a gradient G : Ω 7→ C3 × C3 of the form:

G(x) :=

{
−DT εeff(x), if Ψ(x) < 0,

+DT εeff(x), if Ψ(x) > 0.
(4.3)

The components of tensor G are given by

Gij(x) = −n
2
2 − n2

1

|Ω|
(δij + [E(i)]j + [E(j)]i + E(i) · E(j))(x), (4.4)

where we have used (4.3) and (3.1), together with the definition for the contrast (2.6).
Finally, the angle θ between the level-set function Ψ and the descent direction g is given by

θ = arccos

[
⟨g,Ψ⟩L2(Ω)

∥g∥L2(Ω)∥Ψ∥L2(Ω)

]
, (4.5)
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so that θ = 0 represents a local optimality condition, which has been rigorously derived in
[42].

From these elements, a topology optimization algorithm can be devised. In particular,
for a generic iteration j ∈ N, the updated level-set function is governed by the following
equation derived in [41, Section 3.2] with the help of Euler’s scheme on a sphere and
trigonometric formulas:

Ψj+1 =
1

sin θj

[
sin((1− k)θj)Ψj + sin(kθj)

gj
∥gj∥L2(Ω)

]
, (4.6)

where k is a step size determined by a line-search procedure to decrease the value of the
shape functional. The algorithm is initialized by setting Ψ0 = −1 or Ψ0 = 1 for the
whole optimization region or any spatial distribution of these two values. The process
ends when the condition θj < ϵθ is satisfied at some iteration j, where ϵθ is a given small
numerical tolerance. If k is found to be smaller than a given numerical tolerance ϵk and
the local optimality condition is not yet satisfied, namely θj > ϵθ, then a mesh refinement
of the domain is carried out to increase the set of possible local minima. At this stage,
the level-set defined in the coarse mesh is mapped to the new refined mesh using standard
interpolation of the element shape functions, and the process is continued. The material
properties n1 or n2 are assigned to elements of the mesh depending on whether they are
at points with Ψj(x) < 0 or Ψj(x) > 0. The elements eventually crossed by the phase
interface (defined by Ψj(x) = 0) will have value n1 by choice. Obviously, according to
the above procedure, the solution of the optimal material distribution depends directly on
the refinement of the adopted mesh. The overall optimization procedure is conveniently
summarized in pseudo-code format through Algorithm 1.

5. Synthesis of ENZ Metamaterials

We consider the problem of finding a microstructure that produces an effective permit-
tivity close to zero. It is known as the epsilon-near-zero (ENZ) property [43], in which the
real part of εeff vanishes. The choice of the shape functional J : Ω 7→ R that may induce
such a behavior is crucial and probably not unique. It is important to stress that there is no
axiomatic procedure to define the shape functional, so it depends strongly on the intuition
over the problem we are dealing with.

5.1. Shape Functional. For the synthesis of ENZ electromagnetic metamaterials, we de-
fine the following shape functional to be minimized:

J(Ω) = αJ1(Ω) + (1− α)J2(Ω), (5.1)

with α ∈ [0, 1] and

J1(Ω) = [ε′eff ]2ii and J2(Ω) = ([ε′eff ]ii + |[εeff ]ii| − [ε′′eff ]ii)
2
, (5.2)

where we use the Einstein summation convention over the repeated index i, with i = 1, 2, 3.
The motivation for such a choice emerges from Definition 1. Actually, J1(Ω) is precisely
the real part of [εeff ]ii squared. On the other hand, J2(Ω) is related to ([n′

eff ]ii − [n′′
eff ]ii)

2,

where [neff ]ii :=
√

[εeff ]ii. Therefore, minimizing J(Ω) means to minimize [ε′eff ]2ii and the
misfit between [n′

eff ]ii and [n′′
eff ]ii, for a given weight α.

5.2. Topological Gradient. From Theorem 2, the topological gradient (4.2) of J(Ω) is
given by the sum

g(x) = αg1(x) + (1− α)g2(x), (5.3)
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Algorithm 1: The topology design algorithm

Input: Ω, Ψ0, ϵk, ϵθ
Output: Ω⋆

1 begin
2 j ← 0; Ωj ← Ψj;
3 compute the shape functional J(εeff);
4 compute the topological derivative DTJ ;
5 compute the steepest descent direction g and angle θ;
6 Ψold ← Ψj; Jold ← J(εeff); Jnew ← 1 + Jold; k ← 1; θold ← θ;
7 while Jnew > Jold do
8 compute Ψnew according to (4.6);
9 Ψj ← Ψnew;

10 execute line 3;
11 Jnew ← J(εeff);
12 k ← k/2;
13 end
14 if k < ϵk then
15 refine the mesh;
16 Ψj+1 ← Ψj; j ← j + 1;
17 go to line 3;
18 else
19 if θ > ϵθ then
20 Ψj+1 ← Ψj; j ← j + 1;
21 go to line 3;
22 else
23 return Ω⋆ ← Ψj;
24 end
25 end
26 end

where

g1(x) =2[ε′eff ]iiG
′
ii(x) and (5.4)

g2(x) =2Kii[G
′
ii −G′′

ii + |[εeff ]ii|−1([ε′eff ]iiG
′
ii + [ε′′eff ]iiG

′′
ii)](x), (5.5)

with Kii := [ε′eff ]ii−[ε′′eff ]ii+|[εeff ]ii|, where, again, we use the Einstein summation convention
over repeated indices.

5.3. Numerical Results. Given the topological gradient (5.3) of the shape functional
(5.1), applied within Algorithm 1, we are in a position to design microstructures that enjoy
ENZ behavior at the macroscopic level.

We consider a cube-shaped cell of dimensions ℓ× ℓ× ℓ, with ℓ = 1000 nm. The working
wavelength is denoted by λ. The related wavenumber is computed as k0 = 2π/λ. The
refractive index of the medium n depends on the wavelength λ and is given in [44]. We
consider the cell composed by either ITO+Ag or SIO2+Ag. For the reader convenience,
the corresponding refractive indices n depending on λ to be used in this section are given
in Table 1, extracted from Ref. [44].
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Table 1. Refractive indices n depending on the wavelength λ.
λ Ag ITO SIO2

400.0 0.050000 + 2.1035i 2.043800 + 0.0113550i 1.4701
450.0 0.040000 + 2.6484i 1.968800 + 0.0075303i 1.4656
500.0 0.050000 + 3.1309i 1.906900 + 0.0072965i 1.4623
550.0 0.059582 + 3.5974i 1.850400 + 0.0086145i 1.4599
600.0 0.055159 + 4.0097i 1.795400 + 0.0108980i 1.4580
650.0 0.052225 + 4.4094i 1.739500 + 0.0139820i 1.4565
700.0 0.041000 + 4.8025i 1.681200 + 0.0178870i 1.4553
750.0 0.031165 + 5.1949i 1.619200 + 0.0227330i 1.4542
800.0 0.036759 + 5.5698i 1.552600 + 0.0287000i 1.4533
850.0 0.040000 + 5.9655i 1.480200 + 0.0360560i 1.4525
900.0 0.040000 + 6.3711i 1.400900 + 0.0451750i 1.4518
950.0 0.040000 + 6.7407i 1.313400 + 0.0566330i 1.4511

1000.0 0.040000 + 7.1155i 1.215600 + 0.0713110i 1.4504
1050.0 0.040000 + 7.5016i 1.105000 + 0.0907570i 1.4498
1100.0 0.044688 + 7.8918i 0.977880 + 0.1178500i 1.4492
1150.0 0.064219 + 8.2954i 0.828330 + 0.1588800i 1.4486
1200.0 0.083750 + 8.6989i 0.649070 + 0.2302500i 1.4481
1250.0 0.097684 + 9.0723i 0.451790 + 0.3736100i 1.4475
1260.4 0.100030 + 9.1471i 0.415910 + 0.4160000i 1.4474
1300.0 0.108980 + 9.4317i 0.319590 + 0.5937800i 1.4469
1350.0 0.120280 + 9.7910i 0.264080 + 0.8041000i 1.4464
1400.0 0.130650 + 10.156i 0.240040 + 0.9859400i 1.4458
1450.0 0.135250 + 10.560i 0.229050 + 1.1471000i 1.4452
1500.0 0.139860 + 10.963i 0.224640 + 1.2939000i 1.4446
1688.7 0.171660 + 12.387i 0.233370 + 1.7719000i 1.4423

The basic idea consists in minimizing J(Ω) from (5.1) for varying wavelengths λ⋆. The
initial guess is given by a spherical inclusion of n1 material with radius r = 200 nm, sur-
rounded by n2 material. See Figure 1, where red and blue are n1 and n2 phases, respectively.

Figure 1. The initial guess is given by a cube-shaped cell with a spherical
inclusion of n1 material (red) surrounded by n2 material (blue).

Finally, the variational equations (2.2) are approximated via the Finite Element Method
by using Nédélec finite elements [45]. The topology design procedure summarized in Algo-
rithm 1 is fully implemented by using FreeFEM++ library [46].
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5.3.1. Example 1: Cell composed by ITO+Ag. Following Ref. [43], where Ag-ITO sputtered
composite ENZ films have been experimentally synthesized in near-infrared, we chose an
unit cell made of ITO and Ag, and a working wavelength λ ranging from 400 nm to 1500
nm. Note that ITO exhibits ENZ property in the neighborhood of λ ≈ 1260 nm. The target
wavelengths λ⋆ are given by 400, 600, 800 and 1000 nm. In all cases, the weight parameter
α is set as 0.25, except for λ⋆ = 800 nm, in which α is set as 0.9. Ag-ITO composite
films have been shown to exhibit outstanding optical properties, particularly the tunability
of their crossover wavelengths where the ENZ region occurs, which can be adjusted by
modifying the silver content [43]. These unique optical properties cannot be achieved using
Ag or ITO separately but, rather, results from the controlled balance of the proportion of
either materials in the composite. Indeed, the introduction of Ag in the composite leads
not only to a much stronger optical nonlinear response compared to a single ITO film but
also the possibility of tuning ENZ frequency range and the plasmonic properties. However,
the possibility of tuning optical properties in these Ag-ITO composites, in particular the
ENZ behavior, by optimizing the composite geometry, has never been addressed so far.
This is precisely our goal in the following to highlight the potential of topological derivative
approach in optimizing the systhesis of ENZ metamaterials. It is worth mentioning that the
geometry of composite inclusions is crucial for determining the effective optical properties
of this class of materials [47].

The obtained real part of effective permittivities ε (normalized by the vacuum permit-
tivity ε0) as a function of the working wavelength λ are reported in Figure 2. First, the cell
is not submitted to the optimization process and only the radius of the Ag inclusion varies
from 100, 200, 300 up to 400 nm. The resulting effective permittivities are highlighted in
cyan, showing ENZ behavior in between 1180∼1330 nm for a system not subjected to the
optimization process, depending on the associated volume fraction vf . Then, the cell is
submitted to the optimization procedure according to Algorithm 1 for λ⋆ = 400 nm (blue),
λ⋆ = 600 nm (red), λ⋆ = 800 nm (magenta) and λ⋆ = 1000 nm (green). Note that for the
corresponding λ⋆, the resulting effective permittivity shows ENZ behavior. These points
are indicated by (∗) in Figure 2. For the optimized topologies, we obtained broadband ENZ
windows with wavelength spans of up to approximately 860 nm, covering the range from
about 400 nm to 1260 nm. This ENZ bandwidth is significantly broader than previously
reported values (≈ 300 nm) for ITO–Ag composite system [43], which served as the exper-
imental reference for our numerical calculations. In addition, for λ⋆ = 600 and λ⋆ = 1000,
ENZ frequency bands as large as 100 nm are also found. These bands are not observed in
[43]. It is worth noting that, for λ = 750 nm, the effective permittivities are very close to
each other in all cases (ε ≈ 3). This phenomenon may explain why it was necessary to find
a different weight α for λ⋆ = 800 nm after several trials. Actually, finding the appropriate
parameter α that minimizes J(Ω) for λ⋆ = 800 nm was much more difficult than the other
cases reported in Figure 2. Finally, the resulting optimal microstructures that produce the
wavelength-specific ENZ property from Figure 2 are presented in Figures 3, 4, 5 and 6 for
λ⋆ = 400, λ⋆ = 600, λ⋆ = 800 and λ⋆ = 1000 nm, respectively, where red and blue represent
Ag and ITO phases. In all investigated cases, highly nontrivial, counterintuitive geometries
for the unit cell were found, which have never been predicted so far using existing numerical
methods.
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Figure 2. Obtained real part of the effective permittivities ε with respect
to the working wavelength λ. The cube-shaped cell of ITO with a spherical
inclusion of Ag of varying radius from 100, 200, 300 up to 400 nm shows
ENZ behavior in between 1180∼1330 nm (cyan) depending on the resulting
volume fraction vf . After the optimization procedure for λ⋆ = 400 nm (blue),
λ⋆ = 600 nm (red), λ⋆ = 800 nm (magenta) and λ⋆ = 1000 nm (green), the
resulting cells show ENZ behavior for each associated λ⋆, highlighted with
(∗). ENZ bands of about 100 nm for λ⋆ = 600 nm (red) and λ⋆ = 1000 nm
(green) are worth of notice.

Figure 3. Optimal cell for λ⋆ = 400 nm composed by ITO (blue) and Ag (red).
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Figure 4. Optimal cell for λ⋆ = 600 nm composed by ITO (blue) and Ag (red).

Figure 5. Optimal cell for λ⋆ = 800 nm composed by ITO (blue) and Ag (red).

Figure 6. Optimal cell for λ⋆ = 1000 nm composed by ITO (blue) and Ag (red).

5.3.2. Example 2: Cell composed by SiO2+Ag. Now, we consider the cell composed by SiO2
and Ag. The working wavelength λ ranges from 400 to 900 nm. Note that both SiO2 and
Ag separately do not feature the ENZ property. The target wavelengths λ⋆ are given by
400 and 500 nm. In both cases, the weight parameter α is set to 1.0, so that only J1(Ω) in
expression (5.1) is minimized.

The obtained effective permittivities ε (normalized by ε0) as a function of the working
wavelength λ are reported in Figure 7. First, the cell is not submitted to the optimiza-
tion process and only the radius of the Ag inclusion varies from 100, 200 up to 300 nm.
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The resulting effective permittivities are highlighted in cyan, and no ENZ behavior occurs
independently of the associated volume fraction vf . Then, the cell is submitted to the
optimization procedure according to Algorithm 1 for λ⋆ = 400 nm (blue) and λ⋆ = 500
nm (red). Again, for the corresponding λ⋆, we demonstrate that the resulting effective
permittivity shows ENZ behavior. These points are highlighted with (∗) in Figure 7. In
addition, ENZ bands of about 100 ∼ 200 nm are also found. Finally, the resulting opti-
mal microstructures that produce the wavelength-specific ENZ property from Figure 7 are
presented in Figures 8 and 9 for λ⋆ = 400 nm and λ⋆ = 500 nm, respectively, where red
and blue represent Ag and SiO2 phases. As in the previous case, the topological deriva-
tive method predicts nontrivial ENZ structures that may guide nanofabrication process to
design novel metamaterials.
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Figure 7. Obtained real part of the effective permittivities ε with respect
to the working wavelength λ. The cube-shaped cell of SiO2 with a spherical
inclusion of Ag of varying radius from 100, 200 up to 300 nm does not show
ENZ behavior (cyan), regardless of the resulting volume fraction vf . After
the optimization procedure for λ⋆ = 400 nm (blue) and λ⋆ = 500 nm (red),
the resulting cells enjoy ENZ behavior for each associated λ⋆, highlighted
with (∗). ENZ bands are also found in both cases.

Figure 8. Optimal cell for λ⋆ = 400 nm composed by SiO2 (blue) and Ag (red).
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Figure 9. Optimal cell for λ⋆ = 500 nm composed by SiO2 (blue) and Ag (red).

6. Conclusions

In summary, we introduced a novel multiscale design framework for epsilon-near-zero
(ENZ) metamaterials using the topological derivative method. The adopted multiscale
model offers a significant departure from traditional homogenization techniques by main-
taining validity over a broad frequency range and relying on a rigorous variational founda-
tion. Through the derivation of topological sensitivities of the effective macroscopic electric
permittivity tensor, we unveil a direct and efficient connection between microscale struc-
tural modifications and target macroscopic electromagnetic responses that lead to ENZ
behavior at desired visible and near-infrared frequencies. The resulting predicted struc-
tures, optimized ENZ plasmonic composites with nontrivial geometries, demonstrate the
method’s capability to reveal unique metamaterials beyond the reach of existing theoretical
methods. These findings open new pathways for the systematic and scalable development
of advanced ENZ metamaterials for broadband applications.

7. Proof of the Main Result

Let us evaluate the topological derivative of εeff given by (2.1). From the definition for
the contrast (2.6), we define the topologically perturbed counterpart of the problem by
introducing a small inclusion Bρ(x̂), with center at x̂ ∈ Ω and radius ρ > 0, endowed with
different material property from the background. Thus we define

nρ = n in Ω \ Bρ(x̂) and nρ = γn in Bρ(x̂). (7.1)

The perturbed counterpart of the j-th cell-problem reads: Find E
(j)
ρ ∈ V , such that∫

Ω

(
∇× E(j)

ρ · ∇ ×W − k20n2
ρE

(j)
ρ ·W

)
dx =

∫
Ω

k20n
2
ρej ·Wdx ∀W ∈ V . (7.2)

Thus, the perturbed effective second-order permittivity tensor ερeff is defined as follows

[ερeff ]ij =
1

|Ω|

∫
Ω

n2
ρ

(
δij + [E(j)

ρ ]i
)
dx. (7.3)

7.1. A priori estimate.

Lemma 3. Let E(j) and E
(j)
ρ be the solutions of the variational problems (2.2) and (7.2),

respectively. Then, the following a priori estimate holds true:

∥E(j)
ρ − E(j)∥V ≤ Cρ

3
2
+δ, (7.4)

with constant C independent of the small parameter ρ and 0 < δ < 3/2.
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Proof. We start by rewriting (2.2) as follows:∫
Ω

(
∇× E(j) · ∇ ×W − k20n2

ρE
(j) ·W

)
dx =

∫
Ω

k20n
2
ρej ·Wdx

+

∫
Bρ

(1− γ2)k20n2ej ·W dx+

∫
Bρ

(1− γ2)k20n2E(j) ·W dx ∀ W ∈ V , (7.5)

where we have used the definition for the contrast (2.6). By subtracting (7.5) from (7.2)
we obtain∫

Ω

(
∇× Ẽ(j)

ρ · ∇ ×W − k20n2
ρẼ

(j)
ρ ·W

)
dx =

−
∫
Bρ

(1− γ2)k20n2ej ·W dx−
∫
Bρ

(1− γ2)k20n2E(j) ·W dx ∀ W ∈ V , (7.6)

with Ẽ
(j)
ρ = E

(j)
ρ − E(j). Let us consider a decomposition for Ẽ

(j)
ρ of the form

Ẽ(j)
ρ = P (j)

ρ +Q(j)
ρ . (7.7)

Function P
(j)
ρ ∈ V is solution to∫

Ω

∇× P (j)
ρ · ∇ ×W dx =

∫
Bρ

A(j) ·W dx

−
∫
Bρ

(1− γ2)k20n2ej ·W dx−
∫
Bρ

(1− γ2)k20n2E(j) ·W dx ∀ W ∈ V , (7.8)

where the constant vector A(j) ∈ C3 has been introduced to fulfill the compatibility condi-
tion, namely

[A(j)]i =
1

|Bρ|

∫
Bρ

(1− γ2)k20n2(δij + [E(j)]i) dx. (7.9)

On the other hand, function Q
(j)
ρ ∈ V is solution to∫

Ω

(
∇×Q(j)

ρ · ∇ ×W − k20n2
ρQ

(j)
ρ ·W

)
dx =

∫
Ω

k20n
2
ρP

(j)
ρ ·W dx ∀ W ∈ V . (7.10)

From the well-posedness of the above variational problem [48, 49], we have

∥Q(j)
ρ ∥V ≤ C∥P (j)

ρ ∥L2(Ω;C3) ≤ C∥P (j)
ρ ∥V . (7.11)

By setting W = P
(j)

ρ as test function in the variational problem (7.8), we obtain the equality∫
Ω

∇× P (j)
ρ · ∇ × P

(j)

ρ dx =

∫
Bρ

A(j) · P (j)

ρ dx−
∫
Bρ

(1− γ2)k20n2(ej +E(j)) · P (j)

ρ dx, (7.12)

where (·) is used to denote the complex conjugate of (·). From the Poincaré inequality [50],
the above sesquilinear form is bounded from below as follows

C∥P (j)
ρ ∥2V ≤

∫
Ω

∇× P (j)
ρ · ∇ × P

(j)

ρ dx. (7.13)

By using the Cauchy-Schwarz inequality [51] and the Lebesgue differentiation theorem, we
obtain the following upper bound∫

Ω

∇× P (j)
ρ · ∇ × P

(j)

ρ dx ≤ Cρ
3
2∥P (j)

ρ ∥L2(Bρ;C3). (7.14)



14

Notice that, Hölder inequality [51] and the Sobolev embedding theorem [52] can be used to
derive

∥P (j)
ρ ∥L2(Bρ;C3) ≤ Cρ

3
2q ∥P (j)

ρ ∥L2p(Bρ;C3) ≤ Cρδ∥P (j)
ρ ∥H1(Ω;C3), (7.15)

for any 1 < q < ∞, with 1/p + 1/q = 1, and δ = 3
2q

. Therefore, by combining the above

inequalities, we get

∥P (j)
ρ ∥V ≤ Cρ

3
2
+δ and ∥Q(j)

ρ ∥V ≤ Cρ
3
2
+δ. (7.16)

Finally, from the triangular inequality in (7.7) combined with the above estimates, we obtain

the required result for any 0 < δ < 3/2, provided that ∥P (j)
ρ ∥H1(Ω;C3) ≤ C∥P (j)

ρ ∥V . □

Remark 4. The estimate (7.4) in Lemma 3 can be written simply as

∥E(j)
ρ − E(j)∥V = o(ρ

3
2 ), (7.17)

provided that δ > 0. The notation o(f(ρ)) has to be understood as

lim
ρ→0

o(f(ρ))

f(ρ)
= 0, (7.18)

with f(ρ) used to denote a real-valued function that goes monotonically to zero when ρ→ 0.

7.2. Topological Asymptotic Expansion of the Effective Permittivity. By using
the definition for the contrast (2.6), we can rewrite the perturbed effective permittivity
from (7.3) as follows

[ερeff ]ij =
1

|Ω|

∫
Ω

n2[E(j)
ρ ]i dx+

1

|Ω|

∫
Ω

n2δij dx

− 1

|Ω|

∫
Bρ(x̂)

(1− γ2)n2
(
δij + [E(j)

ρ ]i
)
dx, (7.19)

Now, we can evaluate the difference

[ερeff ]ij − [εeff ]ij =
1

|Ω|

∫
Ω

n2[Ẽ(j)
ρ ]i dx−

1

|Ω|

∫
Bρ(x̂)

(1− γ2)n2
(
δij + [E(j)

ρ ]i
)
dx (7.20)

=
1

|Ω|

∫
Ω

n2[Ẽ(j)
ρ ]i dx−

1

|Ω|

∫
Bρ(x̂)

(1− γ2)n2
(
δij + [E(j)]i

)
dx+ E1(ρ),

where [Ẽ
(j)
ρ ]i := [E

(j)
ρ ]i − [E(j)]i and E1(ρ) is defined as

E1(ρ):=− 1

|Ω|

∫
Bρ(x̂)

(1− γ2)n2[Ẽ(j)
ρ ]i dx,

|E1(ρ)| ≤ Cρ
3
2∥Ẽ(j)

ρ ∥L2(Bρ;C3)

≤ Cρ
3
2∥Ẽ(j)

ρ ∥V = o(ρ3), (7.21)

where we have used Lemma 3. The first integral from (7.20) can be replaced by

1

|Ω|

∫
Ω

n2[Ẽ(j)
ρ ]i dx =

1

k20|Ω|

∫
Ω

k20n
2ei · Ẽ(j)

ρ dx. (7.22)

From the definition for the contrast (2.6), the perturbed counterpart of the j-th cell-
problem (7.2) can be rewritten in the following convenient form∫

Ω

(
∇× E(j)

ρ · ∇ ×W − k20n2E(j)
ρ ·W

)
dx =

∫
Ω

k20n
2ej ·Wdx−∫

Bρ

(1− γ2)k20n2ej ·W dx−
∫
Bρ

(1− γ2)k20n2E(j)
ρ ·W dx. (7.23)
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After subtracting (2.2) from the above equation, we obtain∫
Ω

(
∇× Ẽ(j)

ρ · ∇ ×W − k20n2 Ẽ(j)
ρ ·W

)
dx =

−
∫
Bρ

(1− γ2)k20n2ej ·W dx−
∫
Bρ

(1− γ2)k20n2E(j)
ρ ·W dx. (7.24)

By setting W = E(i) as a test function in the above result and W = Ẽ
(i)
ρ as a test function in

(2.2), we obtain the following important equality after comparing both resulting expressions∫
Ω

k20n
2ei · Ẽ(j)

ρ dx = −
∫
Bρ

(1− γ2)k20n2ej · E(i) dx

−
∫
Bρ

(1− γ2)k20n2E(j) · E(i) dx−
∫
Bρ

(1− γ2)k20n2E(i) · Ẽ(j)
ρ dx, (7.25)

where we have used the symmetry of the sesquilinear forms. Therefore, the difference (7.20)
can be rewritten as

[ερeff ]ij − [εeff ]ij = − 1

|Ω|

∫
Bρ(x̂)

(1− γ2)n2(δij + [E(i)]j + [E(j)]i +E(i) ·E(j))dx+ E(ρ), (7.26)

where E(ρ) = E1(ρ) + E2(ρ), with E2(ρ) defined as

E2(ρ):=− 1

|Ω|

∫
Bρ(x̂)

(1− γ2)n2E(i) · Ẽ(j)
ρ dx,

|E2(ρ)| ≤ Cρ
3
2∥Ẽ(j)

ρ ∥L2(Bρ;C3)

≤ Cρ
3
2∥Ẽ(j)

ρ ∥V = o(ρ3), (7.27)

where we have used Lemma 3. Finally, from the Lebesgue differentiation theorem, we
obtain the following topological asymptotic expansion

[ερeff ]ij = [εeff ]ij −
4

3
πρ3

1− γ2

|Ω|
n2(δij + [Ê(i)]j + [Ê(j)]i + Ê(i) · Ê(j))(x̂) + o(ρ3), (7.28)

which allows for identifying the topological derivative of the Cartesian components of the
effective permittivity second-order tensor, namely

[DT εeff ]ij(x̂) = −1− γ2

|Ω|
n2(δij + [Ê(i)]j + [Ê(j)]i + Ê(i) · Ê(j))(x̂), (7.29)

where (̂·) is used to represent a mean value of (·) around the point x̂ ∈ Ω.
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