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ABSTRACT. In this paper, our focus is on studying a geometric inverse source problem that is
governed by two-dimensional time-fractional subdiffusion. The problem involves determining
the shape and location of the unknown source’s geometrical support from boundary measure-
ments of its associated potential. Firstly, we prove the uniqueness of the inverse problem. In
the second phase, we propose a novel reconstruction method that utilizes the coupled complex
boundary method (CCBM) to solve the identification problem. The main idea of this method
is to approximate the overdetermined problem to a complex boundary value problem with a
complex Robin boundary condition coupling the Dirichlet and Neumann boundary conditions.
Next, we utilize the imaginary part of the solution throughout the domain to construct a shape
cost function, which we then minimize with respect to ball-shaped sources by using a Newton-
type topological derivative method to reconstruct the geometrical support of the unknown
source.

1. INTRODUCTION

Time-fractional subdiffusion equation is a powerful tool to model the dynamics of physical
processes that exhibit anomalously slow diffusion. This modeling technique has found successful
applications in a range of fields, including contaminant transport in underground water [11],
kinetic and reaction-diffusion processes [18, 72|, plasma physics [14], neuronal modeling in
biology [23], and the study of viscoelasticity dynamics [29]. In such processes, several model
parameters cannot be directly measured or specified, and must be inferred indirectly from
available data [19, 58, 78, 77]. This leads to a range of inverse problems. For a comprehensive
overview, we refer to [45].

This article analyzes an inverse source problem associated with a two-dimensional time-
fractional diffusion equation of order 0 < «a < 1, also known as subdiffusion equation. For
the mathematical formulation, let us consider an open and bounded domain € in R? with a
sufficiently smooth boundary 0f2. Furthermore, for a fixed terminal time 7" > 0, we consider
the diffusion process in €2 which is governed by the boundary value problem

ofu—Au+u = F* in (0,7) xQ,
u = ¢ on (0,7)x 09, (1)
u(.,0) = 0 in Q.
In this model, u represents the concentration for the diffusion process, ¢ is a given Dirichlet

data, and F* is the (unknown) source term. The notation 0 denotes the Caputo fractional
left derivative of order 0 < o < 1 with respect to t. It is defined as (see, e.g., [51, p.91])

orult, z) = ﬁ /O (t—T)—ag—':(T, Ddr, (&, 2) € (0, T) x Q.

Here, I" denotes Euler’s Gamma function, which is defined, for z € {z € C: R{z} > 0}, as

F(z):/ s le7*ds.
0

It is known that as & — 17, the Caputo fractional derivative 0fu converges to the usual
first-order derivative dyu (see, e.g., [34, p. 68]), and as a result, the model (1) simplifies to the
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classical diffusion equation. According to [2], model (1) belongs to the class of time-fractional
diffusion equations, which are effective for modeling anomalous diffusion phenomena in het-
erogeneous media. At the microscopic level, the model can be explained by a continuous time
random walk, where the waiting time distribution between consecutive jumps is heavy-tailed
with a divergent mean. This behavior is analogous to Brownian motion in the standard diffusion
equation (See [68]). We refer interested readers to the comprehensive reviews [63, 62] for other
physical motivations of the mathematical model and long lists of successful applications. These
practical applications have drawn significant attention from mathematical researchers in recent
years, and consequently, equation (1) has become an important model for active mathematical
research community. In [79], Yamamoto analyses the existence of unique weak solutions and
establishes an apriori estimates for the time-fractional diffusion problem (1) with F* = 0 and
non-zero Dirichlet boundary data ¢, which belong to the finite energy space L? in time ¢ and
to a Sobolev space of negative order in space. In contrast, Kemppainen and Ruotsalainen have
studied this problem for ¢ belonging to Sobolev spaces of positive order in space (See [47]).
Gorenflo, Luchko, and Yamamoto, in [32], have redefined the Caputo derivative in fractional
Sobolev spaces and studied (1) from an operator theory perspective. Meanwhile, Sakamoto and
Yamamoto have analyzed the well-posedness and asymptotic behavior of the solution to (1) in
[69]. More recently, Kian and Yamamoto, in [50], has studied the well-posedness of problem
(1) in both strong and weak senses. For numerical treatments, we refer to [43, 44| for the finite
element method and [57, 60] for the finite difference method.

In this article, our goal is to solve the inverse problem of recovering the source term ™ of the
governing equation (1) using boundary measurements. However, it is widely recognized that
boundary measurements alone are typically insufficient to uniquely determine a general source
F* (as discussed, for instance, in [48]), and additional assumptions must be imposed to enable
unique recovery. To address this issue, we assume that the source term F* can be decomposed
into contributions from space and time variables. Specifically, we aim to determine an unknown
source of the form

F*(t,2) = C(t) f*(x) for all (¢, ) € (0, T) x Q.

In this context, f* represents the magnitude of the source term that depends on the spatial
variable, while ( denotes the attenuation factor that accounts for the time dependence of the
diffusion phenomenon.

In recent years, there has been a surge of theoretical and numerical approaches aimed at
identifying F*(t,z) = ((t)f*(x), driven by the importance of this equation in both scientific
and industrial contexts. These approaches can be classified into two main groups:

(i) Inverse t-source problem of recovering (: This case involves identifying the temporal
component ¢ of the source term F*. The assumption is that the spatial component f* is
already known. This problem has been extensively studied in the literature, and several
methods have been proposed to address it. See [27, 55, 69, 76].

(ii) Inverse z-source problem of recovering f* : Here, the goal is to identify the spatial com-
ponent f* of the source term F*, assuming that the temporal component ( is known.
This problem has been studied in various contexts, and several techniques have been
proposed to address it. Relevant literature includes [70, 81, 39, 41, 78, 77, 75]. Note
that all previous works focused on recovering either ((t) or f*(x) individually. How-
ever, [48] demonstrated the simultaneous recovery of both functions under appropriate
assumptions. For more information on the theoretical and numerical results, inter-
ested readers may consult the reviews [45, 59]. In addition, it is worth mentioning the
recent works [42, 49] that focus on the reconstruction of a source term of the form
F*(t,x) = ((t,z) f*(t,2"), where x € R? and 2’ € R¥™1 d > 2, f* is unknown, and ( is
a given function of ¢ and x both.

In the classical parabolic setting (i.e., & = 1), inverse source problems of this kind are
directly relevant to several real-world applications. A prominent example is the transport
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of contaminants in groundwater, where the task is to reconstruct the origin and timing of a
pollutant release based on concentration data collected at observation wells or along the domain
boundary [10, 25]. Similar inverse problems also arise in biomedical engineering, notably in the
identification of internal heat sources in thermal-wave models of bio-heat transfer [4], as well
as in the reconstruction of source distributions in bioluminescence tomography [74].

This paper aims to solve the same inverse problem as in [36, 65, 68|, which involves re-
constructing the geometrical support of an unknown, space-dependent source term, f*, using
boundary measurements of the associated potential. To conclude, we briefly outline the struc-
ture of the paper. Section 2 is about describing the inverse problem under consideration and
provide the relevant existing results. In Section 3, we prove an identifiability result for the
inverse source problem using Duhamel’s principle whereas, in Section 4, we introduce a new
coupled complex boundary method suitable for our problem and its reformulation as shape
optimization problem by including a least-squares fitting for the imaginary part of the com-
plex time-fractional diffusion solution. Section 4.1 describes the existence and uniqueness of
a weak solution for the direct complex time-fractional diffusion problem. In Section 4.2, we
investigate the continuous dependence of the solution (of a complex valued problem) on its
source term. Section 5 provides theoretical results on the existence and stability of the shape
optimization problem. We prove the convergence of optimal shape to the solution of inverse
problem at hand in Section 6. Section 7 analyzes the crucial regularization issue and derives
a second-order topological asymptotic expansion of a least-square functional with respect to a
finite number of circular holes. Finally, a set of numerical examples are presented in Section 8,
showing varying features of the proposed non-iterative reconstruction algorithm, including its
robusteness with respect to noisy data. The paper ends with some concluding remarks through
Section 9.

2. PROBLEM FORMULATION

For a given non-null function ¢ in L?*(0, T), let us consider the problem

Hu—Au+u = ((t)xp- in (0,7) xQ,
u = ¢ on (0,7") x 09, (2)
u(,0) = 0 in Q

where yp- is the characteristic function of the unknown subdomain D* C (). The inverse
problem under investigation is to reconstruct the location and shape of the spatial component
f* = xp+ from the additional inversion input data

o(t, v) = dyul(t, x), (t,x) € (0, T) x 09, (3)

where v is the outward unit normal vector to 9f2 and J,u = Vu.v.

Rundell and Zhang, in [68], introduced a Newton-type iterative method for reconstructing
the shape of the characteristic function f* = yp+. To tackle the ill-posed nature of the problem,
they combined a prior assumption on D* with Tikhonov’s method, resulting in the Levenberg-
Marquardt-type formula. This approach deals with the reconstruction of shape of characteristic
function even with limited data or noisy measurements. In [36], the current inverse source
problem is reformulated as an optimization problem using Tikhonov regularization, which can
be expressed as follows :

1 /T
Minimize j(D) := —/ /
DC 2 0 a0

where u is a weak solution of the boundary value problem (1) with F* = xp, 71 > 0 represents
the regularization parameter and P (D) denotes the relative perimeter of the subdomain D in

2
B — gb‘ dsdt + 11 Po(D), (4)
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) which is defined according to the De Giorgi formula
Po(D) = sup {/ div(¥(x))dz [V : Q — R?,
D

9 is smooth with supp(d) € Q and [|9(z)[| < 1 Vz € Q}

where || - || is the essential supremum norm. In that paper, Hu and Zhu put forward a level
set method that utilizes shape sensitivity analysis for reconstructing the shape of D*. On the
other hand, in [65], a Kohn-Vogelius type cost function is used for data fitting. In general,
Kohn—Vogelius functionals are expected to lead to more robust optimization procedures. In
this case, one has to find a stable approximate spatial source function f* = yp- through the
following optimization problem:

T 2
Minimize J(xp) := / / ‘V(u[) — uN> ‘ dzdt + ne Po(D), (5)
0o Ja

XDEQad

where 7y is a regularization parameter, (),q is an admissible set of characteristic functions.
Moreover, up and uy are the weak solutions of the boundary value problems

G?UD—AuD+uD = CXD in (O, T) X Q,
up = @ on (0,7T) x 09, (6)
up(.,0) = 0 in
and
8§‘uN—AuN+uN = QXD in (O, T) X Q,
duy = ¢ on (0, T) x 09, (7)
UN(.,O) =0 in Q,

respectively. Hence, it is clear that both optimization problems, namely (4) and (5), use
Neumann data ¢ and Dirichlet data ¢ in a sequential manner. However, as a novelty of this
paper, we propose a different approach, called as coupled complex boundary method (CCBM),
which utilizes both data in a single boundary value problem. The key idea behind this method
is to couple the Neumann and Dirichlet data using a Robin boundary condition, where the
Neumann data and Dirichlet data correspond to the real and imaginary parts of the Robin
boundary condition, respectively. The CCBM method, initially proposed by Cheng, Gong,
Han, and Zheng in [20]. It aims to recover the source term p € L%(€2) in the elliptic equation
—Au+u = pxp, given that the source support D is known. CCBM has been extended to various
inverse problems. For instance, it has been applied to inverse conductivity reconstruction from
a single boundary measurement [31], and to parameter identification in elliptic problems [82]. In
[66], the method was further adapted to a shape optimization framework for numerically solving
the exterior Bernoulli free boundary problem. More recently, CCBM has also been employed
in inverse obstacle problems [3, 67]. To the best of our knowledge, this work represents the
first application of the coupled complex boundary condition concept to a fractional inverse
problem. With the help of CCBM method, we reformulate the considered inverse problem
which deals in finding the unknown space-dependent source that causes the imaginary part
of the solution of a new complex boundary value problem to vanish within the domain (2.
To achieve this, the problem is reformulated as a topology optimization one where the source
distribution is the unknown variable. To be more precise, the topology optimization consists
in minimizing a least-square functional enhanced with a regularization term which penalizes
the perimeter of the unknown support of the space-dependent source term. Some theoretical
analysis results have been discussed. Specifically, we establish the existence of the regularized
optimization problem, investigate the stability of this problem under small perturbations of
the measured data, and demonstrate the convergence of a subsequence of optimal solutions
to the solution of the inverse problem when the noise level (of the observation data ¢) goes
to zero. In practice, the numerical solution of the regularized optimization problem can be
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challenging due to the non-differentiability of the cost function that needs to be minimized,
which arises from the regularization term. To address this issue, we propose a self-regularized
method using topological sensitivity analysis which is introduced in the book [64]. For the
reconstruction of location, shape, and number of source distributions within the geometrical
domain €2, we utilize an asymptotic expansion of the least-squares functional with respect
to a finite number of ball-shaped trial sources. We developed an efficient and fast one-shot
reconstruction algorithm using second-order topological sensitivity. Notably, in this paper, we
present a novel computational algorithmic approach that addresses current challenges in the
field and yields significantly improved numerical results compared to those reported in [65].

The CCBM method offers an advantage over classical methods by enabling the definition of
the cost function (to be minimized) throughout the entire domain €2. This leads to a more robust
reconstruction compared to least-squares type functions, which are limited to the boundary.
While it may be challenging to demonstrate the superiority of the proposed complex coupled
formulation over the Kohn-Vogeluis method from a theoretical standpoint, the numerical ex-
amples provided in this paper suggest that it produces equivalent reliable results for the inverse
problem at hand, but with half computational effort.

3. UNIQUENESS OF INVERSE SOURCE PROBLEM

In this section, we demonstrate that the spatial source term f* = xp~ of (2) can be uniquely
determined from the boundary measurement ¢ of the potential field uw on 0f). Recall that
Rundell and Zhang, in [68], established the uniqueness of determining the subdomain D* (when
¢ = 1) from measurements of the solution at a finite number of points on the boundary 052,
where D* is an unknown star-like subdomain and 2 being a unit disc. In [65], authors also
showed that the space-dependent source term f* = yp+ can be uniquely determined from
boundary measurement data, provided that ¢ € C'([0, T]) with ((0) # 0. In the current
article, we address the issue of uniqueness of the considered inverse problem when the time-
dependent function ¢ belongs to the functional space L?*(0, T) without having an additional
assumption ((0) # 0. In other words, one of the novelty of this paper is to establish the existing
results for a less regular data. To this end, we introduce relevant function spaces and auxiliary
results.

For 1 < p < oo, let LP(Q), H)(Q), H'(Q) and H*(Q2) be the usual classical real Lebesgue
and Sobolev spaces. We define the fractional Sobolev-Slobodecki space H*(0,7") on the interval

(0, T') with the norm in H*(0,T)
L2(0,T) / / |t—r|1+2a T)

|
OH%QJUZ{HGH%QTyfmnzo}1fu2<a<L

He(0,T) H

for 0 < @ <1 and set

Moreover, we define the Banach spaces H, (0, T) as (see, e.g., Kubica, Ryszewska and Yamamoto
[52])

H*(0,7), if0<a<1/2,
T
H,(0,T) = {H€H1/2(O,T)Z / I (t>’ dt<oo} ifa=1/2,
0
oH*(0,T), if1/2 < a<1.

The norm in H,(0,7) is equivalent to

[
H } H~(0,T)
K

= 2 T 2 1/2
w00 | (o]t ) a1
H/2(0,T) 0 t

O<a<l, a#1/2
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Define the forward Riemann-Liouville integral operator as

(or) (1) = ﬁ/g (t— 1) u(r)dr, 0<t<T, weD()=I20,T),  (8)

where D(J,) denotes the domain of the operator J,. Regarding the operator .J, and the space
H,(0, T), we have the following lemmas:

Lemma 1. (see [52, Lemma 1.3(iv)]). For ay,as > 0, we have
Jortos = JayJay = Janda, in L*0,T).
Lemma 2. If0 < o < 1, then
Jo: L*0,T) — H,(0, T) is bijective and isomorphism. 9)

For the proof of Lemma 2, see Kubica, Ryszewska and Yamamoto [52, Theorem 2.1], Ya-
mamoto [80], Gorenflo, Luchko and Yamamoto [32]. Since J, is bijective in L?(0, T), (J,) ™"
exists and by J_, = (J,)~!, we denote the algebraic inverse to .J,. Hence, we can redefine the
Caputo derivative 0¢ for functions in H,(0, T').

Definition 3. (see [52, Definition 2.1]). For 0 < o < 1, we recall that
Otk = J ok = (Jo) 'k, K€ Hy(0, T) (10)

with the domain D(0f) = H,(0, T'). We recall that, D(05") denotes the domain of the operator
o

We now demonstrate a key property of 9 for the convolution of two functions, when D(0f) =
H,(0,T). To present this property, we denote

t
% 0() :/ Bt —T)0(r)dr, 0<t<T (11)
0
for ¢ € L?(0, T') and 6 € L'(0, T). Then the Young inequality on the convolution yields
sy = 1 i I 1
H?/f * L2(0,17) v L2(0,T) L1(0,T) ( )

Now, we recall an important result which plays a vital role in establishing relation between
convolution and fractional derivative.

Lemma 4. (see [80, Theorem 4]). Let o > 0. Then for ¢ € Ho(0, T) and 6 € L*(0, T), we
have 1 x 0 € H,(0, T) and

O (Y 0) =0 () = 0.

In the next lemma, we present a well-known theorem in the theory of complex analysis,
namely, Titchmarsh convolution theorem. The proof of this lemma can be found in [73, Theorem
VII] (see also [46]).

Lemma 5. (Titchmarsh’s theorem). If ¥(t) and 0(t) are integrable functions, such that

w*Q(t):/Otw(T)H(t—T)dT:O, 0<t<T,

then (t) = 0 almost everywhere in (0,T1) and 0(t) = 0 almost everywhere in (0,T3), where
ThW+1, >1T.

Next, we establish Duhamel’s principle in H, (0, T')-space for time-fractional parabolic equa-~
tions.
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3.1. Duhamel’s principle. For 0 < a < 1, v € L*(0, T) and g € L*(), we consider the
following time-fractional diffusion problem

Opw—Aw+w =g in L*0,T; L*()), (13)

w € Hy,(0,T; L*(Q)) N L*(0,T; H*(2) N Hy (Q)). (14)
Based on the findings of Kubica, Ryszewska, and Yamamoto [52], the problem (13)-(14) has a

unique solution. Now, we prove the following lemma :

Lemma 6. For 0 < a <1, let ¥ := J,_qw with w being the unique solution of (13)-(14). Then
¥ satisfies

o0 — AD +9 = (Jy_a7) g in L2(0,T5 L3(Q)),

(15)
¥ € H,(0,T; L*(Q2)) N L0, T; H*(2) N HY()).
Proof. By definition, we have
Ve L?(0,T; H*(Q) N Hy () . (16)
Now, using (8), we can write 9 as
1 t
(0.) = hoa(t.) = gy [ =7 w(m e =00, 0<t<T,
where Y
0,(t) = —— and ¥(t) = w(t,-).
Since 6, € L'(0,T) and ¥ € H, (0,T; L*(2)), we can apply Lemma 4 to conclude that
¥ € H, (0,T; L*(Q)) . (17)

Thus, from (16) and (17), we can conclude that 9 € H,, (0,T; L*(Q))NL? (0, T; H*(Q) N H()).

Next, we prove that 1) satisfies the first equation in (15). By applying Lemma 2, we know
that the operator J;_, is injective on L?(0,T). Operating J;_,, on the left-hand side of equation
(13) yields the following expression:

Ji—o (Ofw) — A(Ji—qw) + J1—qw = (J1_a7) g- (18)
By using w € H,(0,7T; L*(?)) and (10), we have
ofw = J_jw.

Additionally, we can apply Lemma 1 to obtain

Jodi—a = Ji, (19)
where J; is defined by the following integral
t
(Jiy)(t) = / y(r)dr for 0 <t <T. (20)
0

We can apply (J.) " to both sides of equation (19), which gives us
Jodi—a(Jo) " = T a. (21)

By applying (J,) " to the left-hand side of (21) and using the fact that (J,) " Jyu = u for u
in L2(0,,T) [52, Corollary 2.1], we obtain

Jio (J) = (J0) " il (22)
This implies that Ji_, (05) = 05 (Ji1—a). Therefore, we can now rewrite the identity (18) as
O (Ji—aw) = A (Ji—qw) + Ji—qw = (J1-07) 9-
Hence the fact. O



We are now well-prepared to state Duhamel’s principle, which transforms the solution to an
initial-boundary value problem without source term (i.e. the source term is equal to zero) to a
solution of (15).

Lemma 7. (Duhamel’s principle in H,(0,T)). Given v € L*(0,,T) and g € L*(Q), let w be
the solution of (13)-(14). Then, Ji_qw can be represented as

t
Teawltn) = [ ATl -ra)dn ()€ 0,T)x 0,
0
where v satisfies the following system

oy <v — g) —Av+v=0 in L*0,T;L*)),

v—ge H,(0,T;L*R)), (23)

| v € L*0,T; H*() N Hy(2)).

Proof. The existence and uniqueness of a weak solution v € H, (0, T; L*(Q)) N L*(0,T; H*() N
H(2)) of (23) can be found in [52]. We define

U(t, ) ::/0 y(r)v(t —7,x)dr, (¢, z) € (0, T) x Q.

Firstly, we show that ¥ € H, (0,7; L*(2)) N L*(0,T; H*(2) N H(2)).
Since v € L* (0,T; H*(2) N HY(Q)), by employing the same argument as in the proof of Lemma
6, we can conclude that
W e L?(0,T; H*(Q) N Hy()
We now proceed to demonstrate that ¥ € H, (0, T; L*(Q)).
\I/(t,,I) = \Ijl(tvx) + \IIQ(tvx)7 (ta CL’) < (07 T) x £

where W, and Uy are defined respectively by

(24)

We can write U as

Uy (t,-) ::/0 () (v—g)t—T,)dr in Q, 0<t<T,

and

Uy(t, ) := (1) (H)g(-) in, 0<t<T.
Here, the integral ¢ — Jyy(t) is defined in (20). We will now examine the regularity of the
functions ¥, and W,.

Note that W, (t,-) = v * ¢(t), where ¢¥(t) = (v — g)(t,-). Since v — g € H, (0,T; L*(Q2)) and

v € L*(0,T), we can conclude from Lemma 4 that
Uy € H, (0,T; L*(2)) . (25)
Next, we show that Wy € H,(0,T; L*(2)). Using that the operator J_,, : H,(0,T) — L*(0,T)
is surjective and v € L?*(0,T), there exists § € H,(0,T) such that
v =J_ o = (Ja) 0.
Hence,
Jl’)/ = Jl (J_Oﬁ) = Jl_oﬂ.

According to (8), we have

Jiy(t) = ﬁ/o (t —7)"0(T)dr == 1, x 0(1),

where
t—Oé

Valt) = Ti—a)
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Since, ¥, € L'(0,T) and 6 € H,(0,T), by Lemma 4, we have J1y € H,(0,T). Moreover, since
g € L*(Q), we have

Uy € H, (0,T;L*()) . (26)
Consequently, from (25) and (26), we get
U =0, +V,eH, (0,T;L*RQ)). (27)

Combining (24) and (27), we can conclude that ¥ € H, (0,T; L*(Q))NL*(0,T; H*(Q)NH()).
Now, we prove that W satisfies the first equation in (15). By utilizing Lemma 4 and the fact
that (v —g) € Ho(0,T; L*(Q)), we can write

P = 070+ 00 = [ 2(108 (0 = )t = 7T+ 37 () (1)
On the other hand, from Definition 3 and Lemma 1, we can write
OF (1) (8) = (Ja) " (J17) (1) = Jray(t), O<t<T.
Additionally, we have
AT — /tw)m(t 7, dr
Thus, ’

t
opw =AU+ 0 = [0 (0—9)(t =) Bult =)+ v(t = 7.7 + S (D)
0
Since v satisfies (23), it follows that
OV — AV + U = (Jl_a’y)g.
Hence, uniqueness of the solution of (15) (see, for example, [52]) implies ¥ = J;_,w. O

Remark 8. We observe that the term O (U — g) in (23) is well-defined due to the second

condition in (23). Specifically, for % < a < 1, the Sobolev embedding yields the inclusions

H,(0,T) € H*0,T) C C[0,T]. Consequently, (v — g) € H, (0, T;L*()) implies (v — g) €
C ([0,T]; L*(Q)). In this scenario, we can observe that the initial condition is expressed as
v(+,0) = g in the L*-sense.

3.2. Identifiability. The main result of this section is the identifiability of the spatial compo-
nent f* = yp+ in problem (2) from the boundary measurement data ¢.

Theorem 9. (Uniqueness). Let ¢ € L*(0,T) be a non-null function, and let ¢ € L*(0,T; L*(052)).
For { = {1,2}, let f; = xp; be such that the solutions w, of the problems

a?’u,g — A’U,g +u, = Cf; m (0, T) X Q,
u = ¢ on (0,T)x09Q,
u(.,0) = 0 m €,

satisfy
dyuy = 0,us =¢  on (0, T) x 0N. (28)
Then we have f{ = f5, i.e. D} =Dj.

Proof. We define uy; = uy — u; from which we have the following system:

8f‘u2,1 — A’UrQJ + U21 = C <f2* — f1*> n (O, T) X Q,
U1 = 0 on (O, T) X 8(2, (29)
’U/le(., 0) =0 in €.

According to (28), we have
8,,u271 =0 on (0, T) x 0f). (30)
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By Theorem 4.1 from [32], the problem (29) admits a unique weak solution in the sense of [32,
Definition 4.1] and satisfying the regularity property:

g1 € H,(0,T; L*(2)) N L*(0,T; H*(Q) N Hy (). (31)

We set w := Ji_ous ;. In terms of Lemma 7, we have
/C v(it—7,)dr in Q,0<t<T, (32)

where v is the solution of (23) with f5, = ( fs =1 ) in place of g. Differentiating two sides of
equality (32) with respect to x € 0f2, we get

t
:/ (1) 0t —7,-)dr on 0Q, 0<t<T.
Moreover, according to (30), we have J,w = J;_ a(a Us 1) =0 on (0,7) x 092. Consequently,

/C YO, u(t—7,)dT =0 on 09, 0<t<T. (33)

From Lemma 5, there exists t* € [0, 7] such that ( = 01in (0, 7'—t*) and d,v = 0 on (0, t*) x 9.
Since ¢ is a given non-null function in L?(0, T), it is easy to deduce that t* is strictly positive,
i.e. we can conclude t* > 0. This implies that d,v(t,-) = 0 on 09 for any t € I = (0,t")
is nonempty open interval in R. Therefore, the function v in (0,¢*) x € satisfies the following
system

( ag(v—f;» —Av+v=0 in (0,t*) x Q,

v — f31 € Ha(0,8% L2()), (34)

v=20,0=0 on (0,t") x 0NQ.

According to [39, Lemma 2.1], one can deduce that the solution v of the above initial-boundary
value problem (34) without the Neumann condition d,v = 0 can be analytically extended from
(0,t*) to (0,00). Using this with the unique continuation result in [40], we have

v=0 in (0,00) x
Consequently, we have
w@—ﬁﬂ=om (0,T) x Q.
Hence,
v fia = Jalda) (v fi) = dadi (v fi) =0 i (0,T) x Q.
We know that v = 0 in (0,T) x €, then f3, = 0 in Q, which implies f5 = f; i.e. D; =D;. O

4. COUPLED COMPLEX BOUNDARY PROBLEM

In this section, we aim to reformulate our geometric inverse source problem into a boundary
value problem with complex Robin conditions. Our proposed formulation combines the two
boundary conditions (Dirichlet and Neumann) on 0f2 to create complex Robin-type conditions.
This enables us to examine the resulting complex boundary value problem:

Ou—Au+u = (xp in (0,7) xQ,
du+piu = ¢+ Pip on (0,T) x9N, (35)
u(.,0) = 0 i Q

where 2 is the imaginary number, i.e., 2 = v/—1 and § > 0 is a user defined parameter for
numerical purposes [30]. The well-posedness of (35), is guaranteed by the well-known complex
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version of the Lax-Milgram lemma (see [22, p. 376]). Assume that w = u; + ¢ uy be the unique
weak solution of (35). Then real-valued function (u,us) is a unique solution of the coupled
system

2,

8?1/4 —Au1 +u = CXD* n (O,T) X
dyuy — Puy = ¢ on (0,7) x 09, (36)

u(,0) = 0 i

9

Q,

=

8?1/@ — AUQ +u = 0 in (O, T) X Q,
Oyus + fu; = Py on (0,T) x 09, (37)
us(.,0) = 0 in Q.

We observe that if us = 01in (0, 7') x €, then us = 0 and d,us = 0 on (0, T') x 9. Consequently,
from the boundary value problems (36) and (37), we can conclude that u; is a solution of the
overdetermined boundary problem (1)-(3).

Conversely, if u is the unique solution of the overdetermined problem (1)-(3), then the unique
weak solution of (36), uy, is equal to w almost everywhere in (0,7) x © and the unique weak
solution of (37), ug, is equal to 0 almost everywhere in (0,7 x €.

Based on this observation, we can conclude that the problem of reconstructing the spatial
component of the source term f* = yp+ is equivalent to the following problem:

Inverse Problem Reformulation : Find f = yp € A(f2) such that the imaginary part of
ulf], I{u[f]} =0in (0,T) x Q, where u[f] being the unique weak solution of the probelm

Fulf] — Au[f] +ulf] = Cf in (0,7) x €,
Oulf] + Biulf] = é+PBip on (0,T)x 0L, (38)
ulf](.,0) = 0 in Q.

Here A() is the set of admissible solutions. It contains the characteristic functions having the
form

AQ) = {feLOO(Q): f=xp, DCC Q} (39)

where D is an open set having a uniform Lipschitz boundary 0D in the sense of [33, Definition
2.4.5].

Optimization Problem : To solve the reformulated inverse shape problem, we transform it
into a shape optimization problem. Define a functional

uﬁzl3é

and introduce the minimization problem :
Find f* = xp- € A(Q), such that

K(f) Minimize K(f). (41)
In (40), uy[f] represents the imaginary part of w[f], the unique weak solution of (38). It is
well known that this problem is unstable under data perturbations, with the solution being
very sensitive to the measured data. This sensitivity can cause severe numerical instabilities.
To address the issue of well-posedness for the minimization problem (41), a possible approach
is to incorporate a Tikhonov regularization term in the functional to be minimized (see, e.g.,
[17]). This can be achieved by adding a penalization term for the perimeter of the subdomain
D, resulting in the following regularized shape functional:

Kﬂﬂ—l?é

where n > 0 is a parameter in the regularization term.

uslf] ‘dedt, (40)

s f] )dedt 1 Pa(D), (42)
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Through this regularization process, the reconstruction problem of the spatial source f* =
xp+ from boundary measurements can be reformulated as a regularized optimization problem.
The unknown spatial characteristic function f* = xp+ can be characterized as the solution to
the following minimization problem

Minimize K 43
Minimize K, W (f)- (43)

To conclude this section, we briefly present some useful properties of the perimeter Py. For
more information, the reader may refer to [33]. For a Lipschitz domain D, the perimeter of the
domain is equal to the 1-dimensional Hausdorff measure H! of its boundary 9D; i.e.

Po(D) = H'(0D).

Moreover, when Po(D) < oo the relative perimeter Po(D) coincides with the Total Variation
(TV) of the distributional gradient of the characteristic function of D, namely:

Po(D) = TV xp,2) = [Vx|(Q). (44)

Before discussing the mathematical analysis of our optimization problem (43), we first study
the well-posedness of the forward complex problem (38). To simplify further analysis, we set
£ =1 in Sections 4.1-6.

4.1. Well-posedness of the forward complex problem. In this section, we will prove the
existence and uniqueness of weak solutions for the forward complex problem (38). To introduce
the concept of weak solutions to (38), for 0 < a < 1, we define a space

BY(Q) 1= H,(0,T; L*(2)) N L*(0,T; H(Q)) (45)

equipped with the norm

2 2 2

HH = HFJ + HH (46)

Be(Q) Ho(0,T5L2(9)) L2(0,1;HY ()

As stated in reference [54], it is known that B2 () is a Hilbert space. We will now introduce
the complex version of B%(£2), denoted as B*(§2) = B*(2) & 1 B*(Q2) equipped with the norm

[l

Definition 10. (see [51]). Let k : Ry — R, then for 0 < o < 1, the Riemann-Liouville
fractional left-sided derivative D, and right-sided derivative DS._ of order o are defined by

2 2 2

+

for all v = v, +1vy € BY(Q). (47)
Ba(Q)

B*(Q)

B*(Q)

U1 V2

DS, k(t) = F(l;_a)%/o (t—r)ok(r)dr, 0<t<T (48)
DS k(t) = 1“(1_——104)% /t (r— ) °k(r)dr, 0<t<T. (49)

Lemma 11. (see [53, Lemma 2.5]). Let k € H2>(0,T), then for 0 < a < 1,

b

a

L2(0,T) - HKHH%(O,T) )

£2(0,1)’

2

/ Da/2 a/2f<cdt > cos (7T2a> HD(C)YFK

where the notation ~ denotes the norm equivalence.

L2(0,7)
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Following [54], a weak formulation for problem (38) reads as follows: Find u[f] € B2(9)
such that
a(ulf],v) = (v) YveB:(Q), (52)

where the sesquilinear form a(-, -) is defined by

T
a(w, v) / / D8‘+/2w D%+ Vw - Vo+w 'v> dadt+i / wvds(z)dt Yw,v € B2(Q),
0 o

(53)
and the linear form [(-) is given by

:/OT/wadxdt+/OT/mwds(x)dt+z'/OT/mwds(m)dt Vo e B5(Q). (54)

Here, U represents the complex conjugate of (-).
In the following theorem, we demonstrate existence and uniqueness result for the complex
time-fractional diffusion problem (38).

Theorem 12. Given f € L*(Q), ¢ € L*(0, T), ¢ € L*(0,T; L*(99)), and ¢ € L*(0,T; L*(99Q)),
problem (38) has a unique weak solution. Moreover, there exists a constant C(«) > 0 such that

<Ca ( (55)

HSO‘ L2 (0,T;L2(8Q))> ’

* e
B 2 L2(0,T;L2%(0%2))

Proof. The well-posed of problem (38) is guaranteed by the well-known complex version of the
Lax-Milgram lemma (see, for example, [22, p. 376]). More precisely, we show that the sesquilin-
ear form a(-, -) is continuous and elliptic on B2 (Q2), and the linear form I(-) is continuous on
BS(9).

- Continuity of a(-, -) on B2 (Q) x B2 (Q): For any w = w; + iwy, v = v; + v, € B2(Q) we

have
a(w, v) = %{a(w, 'v)} + iﬁ{a(w,v)}, (56)
where the real and imaginary parts of a(w,v) are given by

T
:/ /(Dg+/2w1 a/zvl—l—le Vi + wy vl> dxdt
0o Jo

T
—l—/ /(Dgi/sz O‘/Qvg—l—ng Vg + wsy Ug) dxdt+/ / wy Vg — w2v1> ds(z)dt,
o Ja 00

T
—/ / (Dgfwg a/2vl + Vwsy - Vo, + wsy 'U1> dxdt
0o Jao

T
_ / / <D3{2U}1 a/2v2 + V'LUl VUQ + wq Ug) dzdt + / / w1 V1 + Wa Ug) dS( )d
0 Q oQ
Consequently,

‘a(w,'v)‘2 = (9%{@(@0,'0)})2 + <3{a('w,'v)})2. (57)

On the other hand, by using Cauchy-Schwarz and Holder inequalities, (x + y)? < 2(2? + y?)
inequality, Lemma 11, and the trace inequality, we can obtain

R {otw. 0] <[]

fawn

Inserting the above inequalities into (57), we obtain

Y

1ol 7]
B2 (Q) B2 (Q)

<3
2

o[l

[l
Q)

@

B%(Q)

’a(w,v)
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Hence, the sesquilinear form a is continuous on B2 (Q2) x B2 ().
Similarly, we have the continuity of the linear form I(-) :
W\ < Co(! o 4

/ /Dgfvl O‘/Qvld:vdt—i—/ /‘V’Ul dxdt+/ /
/ /Do‘fvg vzdxdt+/ /’va‘ da:dt+/ /‘UQ‘ daxdt

forallv =v; +2v9 € B%(Q) Denote C] = cos ( 5 > > 0 and according to Lemma 11, we get

. (58)

+ H |
L2(0,T;L2(8))

dxdt

(%1

2

0+ 01 U1

%{a('v,'v)} > Cy||D

+Ch||D

L2(0,T;L%(92)) L2(0,T;:H' ()

a/2 2
]

+ HUQ
L2(0,T5L%(Q))
2

L2(0,T;H' ()
2

1| o + HU1
H?2(0,T;L%()) L2(0,T;H1(2))

2

2
V2|l q :
H%(0,7:L2(9)) L2(0.T;H ()
2 2
> min (Co, 1) [[|n|| g+ 2] 5, ] = min (Car 1)][Jo ’
B%(Q) B2(Q) B2 (@)

which implies the coercivity of a(, -).

Consequently, according to the complex version of the Lax-Milgram lemma, there exists a
unique weak solution u[f] € B> (Q) to (38).

To obtain the stability estimate (55), we can take v = u[f] as a test function in (52) and

use the advantage of the fact that %{a(v, v)p < ‘a(v, v)‘ and the above-mentioned coercivity

inequality, along with equation (58), to derive it.

[t H < OO (4] gy * 17

with C'(a) = m O

L2(0,T;L2(0%)) + H ‘ L2(0,T;L2(BQ))>

Remark 13. Note that solving problem (52) does not imply satisfying the homogeneous initial
condition (i.e. u[f](-, 0) = 0 in Q) required by the strong solution of the complex boundary
problem (38). This is because functions in the space B2 (Q) with ¢ < i have no trace at time
t = 0. In fact, defining pointwise values (at a given time) of a function in B2 (Q) (particularly
in the space H2(0, T)) with & < i does not make sense (see, for example, [56]). Therefore
the equivalence between (38) and (52) should be understood in the sense of a “regular enough
solution” (of the real and imaginary parts). Hence, in this case, defining initial values at time
t = 0 makes sense.

4.2. Continuity property of solutions with respect to space-dependent source. In
this section, we will prove the continuity of the map f —— w[f] for functions in the class A()
(see (39)) where w[f] is the solution to the forward complex problem (38). For this purpose,
we review the definition of convergence in the sense of characteristic functions and highlight its
key properties.
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Definition 14. (see [33, Definition 2.2.3]). Let {D, },>1 and D be measurable sets of R%. It is
said that D, — D in the sense of characteristic functions as n — oo if

Xp, — Xp in LP (R?)  for all p € [1,+ool. (59)

loc

Remark 15. In the above convergence result (59), we can take any p < oo since, as|xpn — Xp|
only takes on the values O and 1, we have, for any finite p,

Xp. — X" = |XD, — Xp| which implies that | xp, — xpll» = X0 — XD}

On the other hand, the case p = 0o has no interest since ||xp, — Xpll;~ = 1 as soon as D"
and D different on a set of non-zero measure.

The uniform Lipschitz boundary condition of the subdomain D is a relevant requirement in
the set of admissible solutions A(£2) for the existence of optimal solutions to our optimization
problem (43). Specifically, according to [33, Theorem 2.4.10], this condition ensures that the
set of admissible solutions .A(£2) has the following compactness property:

Lemma 16. The class A()) is compact with respect to the topology of characteristic functions.
We can now prove the following continuity result.

Theorem 17. Let {f, = xp, }n C A(Q) be a sequence of sets converging to f* = xp~ in the
sense of characteristic functions (cf. Lemma 16), and let u[f,] € B2(Q), u[f*] € B2(Q) be
solutions of (38) with space-dependent source term f, = xp,, [* = xp+, respectively. Then

tim_||[ulfu] —ulf|

lim ~0. (60)
Proof. Consider the difference U,, = u[f,] — w[f*], which is the solution to

B%(Q)

wUﬁ—AUﬁ+Uﬁ::§(ﬁ—fﬂ in (0,T)xQ
oU, +iU, = 0 on (0,T) x 0%, (61)
U,.,0) = 0 in Q.

By repeating the same argument as in the proof of estimate (55) and utilizing Remark 15, we
can derive

fn_f*

o

o
BZ(Q)

gcmﬂ

L2(Q)

2

LY(Q)

From the convergence of D,, to D* in the sense of characteristic functions as n — oo, we
obtain

o

‘ —0 as n — oo.

@

BZ(Q)
O

Based on this continuity result, we will analyze some theoretical results regarding solutions
to the optimization problem in the following section.

5. WELL-POSEDNESS OF THE OPTIMIZATION PROBLEM

In this section, we present three key theoretical results related to the regularized optimization
problem (43). The first result establishes the existence of an optimal solution, the second
addresses its stability.
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5.1. Existence of an optimal solution. The objective of this section is to establish the
existence of an optimal solution to the optimization problem under investigation.

Theorem 18. For every n > 0 there exists f* = xp- € A() such that

Ko(F) = inf {I,(f), f e A}
Proof. The functional K, is bounded from below by zero, so that there exists a minimizing
sequence { fo= Xpn}n C A() decreasing in K, and satisfying
lim IC,(f,) = inf KC,(f).

n—s00 FEA(Q)

By the compactness of A(€2) established in Lemma 16, there exist an open set D* C 2 with a
uniform Lipschitz boundary 0D*, and a subsequence of {Dn}n (which we still label by n) that
converges to D* in the sense of characteristic functions; i.e.

fo=xXp, — f*=xp in L'(Q) as n — .

We now show that f* = yp« € A(£2) is a minimizer for (43). For each n € N, we consider u/[f,],
which is the solution of the complex time-fractional diffusion problem (38) with f,, in place of
f

By applying Theorem 17, we can conclude that

ot — i

B2 (Q)

H W asm — oo. (62)
B%(Q)

We define us[f,] as the imaginary part of the complex-valued function wu|f,], and us[f*] as the
imaginary part of u[f*]. Consequently, by using (62), we can deduce that

| usl £

Since the perimeter P, is lower semi-continuous with respect to the convergence of characteristic
functions (see, for example, [33]),

U2 [fn]

as n — o0. (63)

N ’
L2(0,75L7(52))

L2(0,T;L2(Q))

Po(D*) < liminf Po(D,,). (64)
n—oo
Furthermore, it is well-known that the L?-norm is lower semi-continuous. By combining these
results, we can establish the lower semi-continuity of the cost function K. Finally, by combining
the lower semi-continuity of IC,, with the convergence result (63), we can deduce

(1) < lim inf Ky(£,)

which implies

K,(f*) = inf K
W(f7) = dnf Knl(F),
i.e. f* = xp+ is a solution of the minimization problem (43). The proof of Theorem 18 is
completed. 0

The previous result (Theorem 18) ensures the existence of an optimal solution for problem
(43), however, the uniqueness of the minimizer cannot be guaranteed due to the non-linear and
non-convex of the functional K,. It is worth noting that the question of uniqueness remains
unresolved.

Next, we want to investigate the stable dependance of the minimizers of the functional X,
on the error level.
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5.2. Stability. In this study, we examine the stability of the minimizer of the regularized shape
functional K,, with respect to small perturbations of the measurement data ¢. To check these
issues, let us define {¢,}, as a sequence of “measurements” in L?*(0,T; L*(92)), such that

|6n 0

To simplify further analysis, we denote by wus|f, ¢,] the imaginary part of u[f, $,|, where
ulf, on] = wilf, dn] + Tuslf, ¢n) is the solution of the following complex boundary problem:

— 0 asn — oo. (65)
L2(0,T5L2(092))

Orulf, du] — Aulf, 6] +ulf,6n] = Cf in (0,7) x Q,
Doulfodn +iulf,dn] = Sutip on (0,T)x 0%, (66)
ulf, 6.)(.,0) = 0 in Q.

For each n € N, we denote by f, = xp, € A() the solution to the following perturbed
shape optimization problem:

Minimize K7 (f), 67
F=xpeA®) (/) (67)

where the shape functional K7 (f) is defined as

-

In the upcoming theorem, we investigate the convergence of the sequence { f,, = xp, }»» when
the perturbed data {¢,}, tends to a given state ¢.

wlf, 6)| dzdt + 1y Po(D). (68)

Theorem 19. If ¢,, tends to ¢ in L*(0,T; L*(0Q)) asn — oo. Then there exists a subsequence
of {fn = xp, },, such that

for, =xp,, — [T =Xxp+ in LY(Q) as k — oo,
where f* = xp € A(Q) is a minimizer of the optimization problem (43), with datum ¢.
Proof. The previous Theorem 18 guarantees the existence of each f,, = xp,. Moreover, thanks

to the compactness of the sets A(Q2) (see Lemma 16), there exists f* = xp- € A(f2) and a
sub-sequence, still denoted by {f,, = xp, }, such that

fon=xp, — f*=xp- in L'(Q) asn — co. (69)

We will now demonstrate that f* = xp+ is a minimizer of (67). In order to obtain this result,
let us define the following complex-valued function

wy, = w[fn, On] — ul[f*, 4],

where u[f*, @] is the solution of (66) with f* and ¢ in place of f,, and ¢,, respectively. We can
easily deduce that w,, is solution to

[ 90w, — Aw, +w, = ((fn—f*> i (0,7) % Q,
\ dwn +iw, = ¢, —b on (0,T) x 9, (70)
wn(',O) =0 in .

\

Using the same argument as in the proof of (55), we can obtain the following inequality:

w B%(Q) — / Q) || én =9 L2(0,T;L2(59))
o LI1/2
N ( Jn = LY(Q) ‘ Pn = gb‘ L2(0,T;L2 aQ))>

where C'is a positive constant that depends on . By utilizing the convergence results provided
in equations (65) and (69), one can derive

w, — 0 in B2(Q) as n — oco. (71)
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Let us denote by us[f,, ¢»] the imaginary part of u[f,, ¢,], and us[f*, ¢] the imaginary part of
u[f*, ¢]. We have

Us[ frny Bn] — ua[f*, 4] — 0 in L*(0,T; L*(Q)) as n — oo (72)

which implies

as n — oo. (73)
L2(0,T;L2(Q))

HUZ[fna ¢n]

— Huz[f*,d)]‘

L2(0,T;L2(Q2))

By following the same procedure used in the proof of (73), we can deduce that for any f € A(Q),
uslf, uslf,d)

as n — 0o, (74)
L2(0,T5L(92))

=

L2(0,T5L2(92))

Finally, we can use the convergence results (73) and (74), along with the lower semi-continuity
of both the L?-norm and the perimeter, to show that for any f = yp € A(Q), we obtain

KolF* = xo°) //
[

us[f dxdt + 1 Po(D")

walf, qb]rdxdt 41 Po(DY)

T 2
< lim inf/ / Us[fn, Pn]| dzdt +n lim inf Po(D,,)
T 2
< lim inf(/ / [ frs ] dxdt+nPQ(Dn)>
T 2
< lim </ / Up|f, Pn) dxdt‘FnPQ(D))

wlf, | dedt + 5 Po(D)

[
L]

which verifies that f* = xp- is a minimizer of (43). This completes the proof of Theorem
19. 0J

s f]fdxdt Ly Pa(D) = Ky(f) forall fe A(Q),

6. CONVERCGENCE ANALYSIS

In this section, we demonstrate that the solution of the minimization problem converges to
the unique solution of the inverse problem being investigated as the regularization parameter
tends to zero. We begin firstly by introducing the following concept of data compatibility:

Definition 20. A function ¢ € L*(0,T; L*(0R)) is said to be compatible data if the considered
inverse source problem (1)-(3) admits a solution.

Theorem 21. Let ¢ € L*(0,T; L*(00N)) be given compatible data and let f* = xp- € A(Q)
be a solution of the inverse source problem corresponding to the datum ¢. For any o > 0, let
b, € L*(0,T; L*(09Q)) be a noisy data satisfying

=4

and let n(p) = o(1) and is bounded as 0 — 0. Define f, = xp, as a solution to the following
shape optimization problem

Minimize ‘u ,
f=xp€A(Q) / / ? f ¢Q

< 75
L2(0,T;L2 (%)) @ (75)

" ded + (o) Pa(D), (76)
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where us[f, ¢,] is the imaginary part of u[f, ¢,|. Here, ulf, ¢,] = wilf, ¢, + tualf, ¢, is the
solution of (66) with ¢, replacing ¢,,. Then, as o — 0, we have Do — D* in the sense of

characteristic functions.

Proof. For each g, we denote by f, = xp, the solution to the regularized optimization problem
(76). Let us consider the solution f* = xp-« to the inverse source problem corresponding to the
measured Neumann data ¢. Since f, = xp, is a minimizer of the minimization problem (76),

we have
d:vdt~|—77 ) Po(D / /’U2 ; Dol

/ / ‘U2 fo: &0

In addition, we have
dxdt<2 / /‘ug , o) — ualf7, da:dt+/ /)Ug , dmdt)

/ /‘UQ ¢Q
< o(||fulrs o0 = ulr o[, .+ [Juls o]

Using the fact that f* = xp+ is a solution of the inverse problem corresponding to the measured
¢, one can deduce that us[f*,¢] = 0 in (0, T') x 2. Hence,

“drdt + (o) Pa(Dy) < 2| |[ulf*, 6] — ulf*. 9

dxdt +n(o) Po(D").

B%(Q) L2 0TL2(Q))>

“ardr < 9||[uls*, 6] — ulr, 4|, (77)

Uz [f*7 ¢Q]

Consequently,

Iy

Let us now estimate the term H‘u[f*,%] — u[f*, ¢

2

+n(e0) Pa(D*). (78)

Us|fo, B0l

B%(Q)
2

. Consider the difference w, =

B%(Q)
ul[f*, ¢,] — u[f*, ¢] which is the solution to
Hw, — Aw,+w, = 0 in (0,7) x €,
dw,+itw, = ¢,—¢ on (0,7) x 01, (79)
wy(-,0) = 0 in Q.

Again using the same technique described in the proof of (55), one can prove that

o = |[ursea = wlt.a || 2

Inserting (80) into (78) and using condition (75), one can conclude that

/ ) | Jualfino

Therefore, we have

o (80)

B2 (Q)

el -
L2(0,T;L2(9))

2
dxdt 4+ n(0) Po(D,) < 0* +n(0) Po(D*) — 0 as ¢ — 0. (81)

2
0
Po(D,) < — + Po(D*) < C.
(D) ") (D7)
Consequently, in view of [24, Theorem 6.3 in Chapter 5], we can extract a subsequence of

{fo = xp,}o (which we denote by {f, = xp,}, for simplicity) such that
fo=Xxp, — Y =xpo in LY(Q) as o — 0, (82)

2dxdt+2/0T/Q‘u2[fQ,¢Q] ’

for some f° = xpo € A(Q2). On the other hand, we have

/OT/Q’Uz[fo,gb])dedtg Q/OT/Q’WUO@] — ua[fo: b

dadt.
(83)
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Again by the same analysis as in the proof of (72), we can derive
us[f°, &) — ua[fpy o) — 0 in L*(0,T;L*()) as o — 0.
Using (81) and from the last relation, we get
us[fY, 6] =0 in (0, T) x Q,

which implies that f° is a solution of the inverse problem and by the uniqueness of the inverse
problem (see Theorem 9) we can deduce f° = f*. This achieves the proof. O

7. SENSITIVITY ANALYSIS

The geometric inverse source problem under consideration has been reformulated as a topol-
ogy optimization problem (43). To address this, we present an approach based on the topo-
logical derivative method. In order to provide a complete understanding of the methodology,
we briefly introduce the fundamental concept of the topological gradient and discuss the cru-
cial regularization issue presented in this paper, which is described in Section 7.1. Then, in
Section 7.2, we derive a second-order topological asymptotic expansion of the shape functional
considered in this study.

7.1. Topological gradient-based reconstruction: regularization and robustness. In
this paper, we propose a fast and accurate reconstruction approach based on the topological
sensitivity to solve the topology optimization problem (43). The concept of topological sensi-
tivity (or topological derivative) was introduced in [28, 71] and further developed in the book
by Novotny and Sokotowski [64]. It belongs to a broader class of asymptotic methods, as dis-
cussed in the books by Della Riva et al. [21] and Ammari et al. [6, 8], for instance. The main
idea of this concept is to measure the sensitivity of a given shape function to small topological
perturbations in the domain, such as the creation of cavities, cracks, inclusions, or source terms.

Studying the topological derivative of K, presents a significant challenge due to the pres-
ence of a penalization term, which is not a topological differential. Let us now address the
crucial regularization issue that arises in this context. The topological gradient, particularly
for L?-norm misfit functions (or H'-seminorm) without a regularization term, has been suc-
cessfully utilized in inverse problems such as crack detection [9], obstacle localization [16, 15],
reconstruction of small cavities in Stokes flow [1], detection of point-force locations in Stokes
flows [26], and identification of source terms [12]. The advantage of topological gradient-based
procedures is that they provide a non-iterative (or iterative) reconstruction algorithm, which
requires only a minimal number of user-defined algorithmic parameters and is free of an ini-
tial guess, in contrast to traditional optimization procedures. In the latter, many parameters,
such as the initial guess, regularization parameter, step size, etc., must be carefully chosen to
enhance the stability of the numerical procedure and ensure the optimization process (see, for
example, [68, 37]). Moreover, numerical simulations in the literature have shown that topo-
logical gradient-based procedures are highly robust with respect to noisy data. For instance,
in the context of gravimetry, Menoret, Hrizi, and Novotny [61] discussed the robustness of the
topological gradient method using four different error norms (without a regularization term),
namely, the H'(Q)-norm, H'(Q)-seminorm, L?(Q)-norm, and L?*(T'j;)-norm, where T'y; C 9.
They proved that the L?(Q2)-norms, which are the focus of our work, are more robust with
respect to noise in numerical simulations. Despite the extensive investigation of the topological
derivative method, the theoretical aspect of the robustness issue has not been addressed so far.

Based on the discussion above, one can conclude that the topological derivative method
provides a fast and accurate numerical optimization algorithm, which means that no additional
regularization term is needed to stabilize the reconstruction process. Thus, for the sake of
simplicity, we disregard the impact of the regularization term in (42) by setting the penalization
term to zero. In fact, we assume that Po(D) < 400 and choose n = 0. To this end, we will
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define the functional K, in the following way throughout the rest of the paper:

K(f)z/oT/Q

7.2. Asymptotic analysis. To derive a second-order topological asymptotic expansion for K

in the presence of a finite number of ball-shaped sources, we must introduce some notation.
Let m > 1 be a given integer. For each 1 < j < m, we denote by B.,(s;) the ball of radius ¢;

centered at s; € . We assume that the balls B, (s;) are disjoint and strictly contained within

the domain €, i.e., B., (s;) C Q, and B, (s;) N B., (sx) =0 for all j,k € {1,--- ,m} with j # k.
Let us recall that the source term for the complex time-fractional diffusion problems (38) is
given by

“dedt for all f € A(S). (84)

uz|f]

F(t,z) = ((t) xp(z),
where ¢ and yp represent the time-dependent function in L?(0, T') and characteristic function
of the spatial domain D, respectively. On the other hand, since ((t) is known, for the sake
of completeness, we assume that it is given in the form of a piecewise function, where each
component (; is associated with the ball B.,(s;) for j = 1,--- ,m. From this, we can define the
perturbed counterpart of the source term F' as follows

F(t, ) = C(t) f(@) + ) 05xb., (s,)(2), (85)
j=1
where f = xp and o; € R is associated with the mean value of (;(¢), namely

=g | oo (56)

Based on this, we define the shape functional associated with the topologically perturbed

source term (85) as
T
k=[]
0o Jo

where u® = uj + % uj is solution of the perturbed complex boundary value problem of the form

2

dzdt (87)

1>
Ug

ofu® — Au® +u° = F* in (0,7) x Q,
Bous + Bius = o+ Big on (0,T) x 99, (88)
us(.,0) = ¢° in Q.

We will use these elements to derive an asymptotic formula that describes the variation of
K(F¢) — K(f) with respect to €. Subsequently, we introduce the following ansatz for the
solution to the perturbed problem (88):

w(t,x) = ulf)(t,2) + ) oymeiv(a), (89)
j=1
where u[f] = u;[f]+4 us[ f] solves the complex boundary value problem (38) and v = v’ +4 v’
is the solution of the following auxiliary boundary value problem for j =1,--- n:
—Av +v5 = Liyg oy in Q
’ ) . m;‘? XBE]( 5) (90>
0,v% + fivsi = 0 on 0f).

The ansatz (89) leads to an initial condition of the form &*(x) = > 7", ojmeiv®(x) for the
perturbed complex boundary value problem (88).
Now, let us decompose v, solution of (90), into two parts as follows

v (1) = p (2) + A ¢ (x), (91)
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where p% is the solution to the following boundary value problem (92), defined in a large ball
Br(s;) with radius R and center at s;, which contains 2 (i.e. Q C Bg(s;))

{—Apéj +p€j — %&-?XBEJ-(S]') in BR(SJ'),

& 92
p = AN Ko(R) on 0Bg(s;). (92)

Problem (92) can be solved analytically and its solution is

o (XKl —s) @€ Balsy) \BL(5).
P “”‘{A?—A?hmx—%m v € B. (s, (93)

where (/)
. 1 . Kl Es
A = o A = —5 J ’ -
boome? TP e Iy(e5) Ka(es) + (e;) Kole;) o
and
E5 1 [ ]
AT = 1(53) (95)

med To(ej) Ka(ej) + N(e5) Kolej)
with the modified Bessel functions Iy, I;, Ky, and K; given in the Appendix A through equations
(108), (109), (110) and (111), respectively.

Finally, \;’q’ must compensate for the discrepancies left by p% on 9. Specifically, ¢ =
q{ +1 qg is the solution to the following boundary value problem

-A¢’ +q¢ = 0 in Q,
g’ +Piqg’ = —0,Ko(||z — s;]l) — B Ko(llz — s4][)  on 0%

Consequently, from (89), we have the following expansion:

us(t, ) = j{us(t,x)} = j{u[f](t, x)} + i )\Ejj{qj(x)}

= us[f](t, x) + ZAsqu(x) for all (t,z) € (0,7) x €. (96)

with A% given by
. 1i(g;)
" Io(2)K1(gj) + Ti(es) Koles)|
By substituting (96) into (87), we obtain the following asymptotic expansion:

K(F?) —K(f) = 2§:A€f /qu (/OT us|f] dt) dz +T zm: A3\ / @k dz. (98)

k=1 Q

A%

(97)

The above topological asymptotic expansion can be rewritten in the following compact form
K(F?) = K(f) + Bu(A, s).
The quantity ®,,(A, s) is defined as

Bru(\ ) = A-d(s) + %H(s))\ Y (99)

where vectors s = (s1, -+, 8y,) and A = (A, -+ - Ay,), with A\; = A%. Moreover, d(s) and H(s)
are the first and second order topological derivatives, respectively. The vector d and matrix H

have entries
dy Hy Hy -+ Hiy
d H. Hy, -+ Hy,
d=| 2| and m=| "2 72 o (100)

dm Hml Hm2 Hmm
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where

T
d; = 2/ @ (/ us[f] dt) de and Hj, = 2T/ ¢qh dx. (101)
Q 0 Q

Given the general function of form (99), the minimum is found when:
(DA, (A, s), 1) =0 Vp e R™ (102)

Furthermore, since H is a symmetric and positive definite matrix, the minimum of the function
with respect to A is the global optimum. In particular,

(H(s)A+d(s)) - p=0 VueR™ = H(s)A=—d(s), (103)
provided that H = H'. Therefore,
A= \(s) = —H(s)'d(s), (104)

such that the quantity A, solving (104), becomes a function of the locations s. Substituting the
solution of (104) into ®,,(A, s), defined by (99), the optimal locations s* can be obtained from
a combinatorial search over the domain 2. These locations are the solutions to the following
minimization problem:

1

s* = argmin {@m(k(s), s) = 5)\(3) -d(s)} ) (105)
sCS

where S is the set of admissible source locations. Then, the optimal sources are characterized

by A\* = A(s*). Finally, each unknown A\; = A% from (97) can be written as an expansion with

respect to €; as follows:
2

e _ 0'j7T€< 4
N = 7] + O(gj). (106)

Therefore, the volume of the j-th source can be approximated by ayrs? ~ 2m\;, where o; is
given by (86). For more details on the resulting reconstruction algorithm, the reader may refer
to [61], for instance.

8. NUMERICAL RECONSTRUCTION

We consider a square-shaped domain €2 = (0,1) x (0,1). The boundary value problems are
discretized by using standard Finite Element Method in space and Finite Difference Method
in time following the same procedure as described in [68]. In particular, the domain Q is
discretized into 102400 three-node finite elements. The set of admissible locations S is obtained
by selecting 181 interior nodes from the finite elements mesh. See sketch in Figure 1, where
the points belonging to S are represented by black dots. Finally, the final time is set as T' =1
and the resulting interval (0, 1) is discretized into 100 uniform time steps.

FIGURE 1. Domain 2 and set of admissible locations S represented by 181 black dots.

We note that, once the location of the true source does not belong to the set of admissible
locations S, the reconstruction algorithm returns the optimal location closest to the true one.
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See for instance the original work [12]. Thus, for the sake of simplicity, we assume that the
true locations of sources to be reconstructed always belongs to the set S.
The source F*(t, ) to be reconstructed is given by

Fr(t,x) = 3 GOxm; (), (107)

where m is the number of hidden sources and D}, for ¢« = 1,---,m, are their geometrical
supports, with D; ND; = @, for i # j. The mean values of functions (;(t) are set as 0; = 1,
for : = 1,--- ,m. This choice simplifies the graphical representation of the results, since each
unknown J; is proportional to the volume of the i-th source through expansion (106).

Note that the number of sources m to be reconstructed is arbitrary. However, for the sake
of simplicity, we assume that m is given. In the case of unknown m, see for instance [12]. In
addition, we set 5 = 10 and ¢ = 0 in all examples. Finally, we set f(z) =0 (i.e., D = @), for
all z € €, which means that all the examples are free of initial guess. The choice § = 10 is
explained in details through Example 4 in Section 8.4.

8.1. Example 1. In this example, we consider the reconstruction of a circular-shaped source
of radius 0.05, as shown in Figure 2. The function (;(¢) is given by

¢1(t) =10, for 0 <t < 0.1, and ¢;(t) = 0, otherwise.

Therefore, oy = 1 by construction. The obtained results by setting a = {0.1,0.5,0.9} are
presented in Figure 3. From an analysis of these figures, we observe that the reconstruction is
nearly exact independent of a, so that in the next examples we fix a = 0.5. For the sake of
completeness, the quantitative results are reported in Table 1.

FI1GURE 2. Example 1: Target to be reconstructed.

(a) a=0.1 (b) a=0.5 (¢) a=0.9

FiGURE 3. Example 1: Obtained results for varying values of a.
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TABLE 1. Example 1: Quantitative summary of the obtained results.

«Q 0.1 0.5 0.9
radius 0.0487 0.0491 0.0497

8.2. Example 2. Now, let us consider the simultaneous reconstruction of two circular-shaped
sources of radii 0.05 and 0.1, as shown in Figure 4(a). The functions (;(¢) and (»(t) are
respectively given by

¢1(t) =10, for 0 <t < 0.1 and ¢;(¢t) = 0, otherwise;

(o(t) =5, for 0.2 <t < 0.4 and ((t) = 0, otherwise.

In this way, 01 = 03 = 1. The obtained result for a = 0.5 is presented in Figure 4(b). Once
again, the reconstruction is nearly exact.

(a) target (b) result

FIGURE 4. Example 2: Target to be reconstructed (a) and obtained reconstruc-
tion (b).

8.3. Example 3. Now, let us consider the simultaneous reconstruction of three identical
circular-shaped sources with radii 0.05, as shown in Figure 5(a). The functions (;(t), ((t)
and (3(t) are also identical and given by

Gi(t) =10, for 0 <t < 0.1 and ¢;(t) = 0, otherwise; for i = 1,2, 3.

Therefore, 0y = 03 = 03 = 1. The obtained result for a = 0.5 is reported in Figure 5(b),
showing a nearly exact reconstruction, as expected.

(a) target (b) result

FIGURE 5. Example 3: Target to be reconstructed (a) and obtained reconstruc-
tion (b) with m = 3 trial balls.
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8.4. Example 4. In this example, the idea is to reconstruct an L-shaped source, as presented
in Figure 6, by setting m = 3 trial balls. The function (;(¢) is given by

¢1(t) =10, for 0 <t < 0.1, and ¢;(t) = 0, otherwise.

Therefore, 01 = 1. The obtained results for various values of £, namely § € {1,2,3,8}, are
presented in Figure 7. We note that for 5 € {1, 2}, the reconstruction is far from the L-shaped
target. However, after increasing it up to 5 € {4, 8}, the solution becomes stable and close
to the target. In particular, after setting § = 10, we observe that the L-shaped source can be
quite well approximated by the three trial balls, as can be seen in Figure 8.

FIGURE 6. Example 4: Target to be reconstructed.

(c) p=4 (d) p=8

FiGure 7. Example 4: Obtained reconstructions for varying values of 5 and
m = 3 trial balls.

8.5. Example 5. Finally, in order to verify the robustness of the reconstruction algorithm with
respect to noisy data, the true source term F(¢,x) is corrupted with White Gaussian Noise
(WGN) of zero mean. Note that, in this context, noisy data can be interpreted as modelling
uncertainties. In particular, we consider the reconstruction of a cross-shaped source by setting
m = 1 trial ball. The target is corrupted with varying levels of noise, namely {40, 80, 120}% as
shown in Figure 9, left column. The obtained results are presented in Figure 9, right column.
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q

F1GURE 8. Example 4: Obtained reconstruction for g = 10 and m = 3 trial balls.

From an analysis of these figures, we observe that the center of the trial ball coincides with the
barycenter of the cross-shaped source and the resulting volumes are very close to each other,
up to 80% of noise. For 120% of noise, the center of the reconstructed source gets lost and
the volume is slight underestimated. It shows that a trial ball can be used to approximate the
cross-shaped source even in the presence of high level of noisy data.

FIGURE 9. Example 5: Target to be reconstructed (left column) and obtained
reconstructions with m = 1 trial ball (right column). The level of noise is in-
creased from the first to the third line as {40, 80,120} %, respectively.

Let us conclude the numerical experiments with a comparison between the coupled complex
boundary method (CCBM) and the Kohn-Vogelius (KV) approach from [65]. We introduce the
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errors in the volume and in the barycenter as follows
5™ — 5]

[V — V¥

2 A P
where (V*,s*) and (V*, s*) are the volume and barycenter of the target and the reconstructed
shapes, respectively. The total error &y = £y + Eg are reported in Table 2 for several level of
noise. From an analysis of the obtained results, we observe that CCBM and KV are equivalent
in terms of resilience with respect to noisy data, with a slight superiority of CCBM for the test
case in particular.

Ev =

TABLE 2. Example 5. Error &7 (%) for varying level of noise (%).
noise level CCBM KV

0 3.66 4.58
40 4.33 5.62
80 5.00 6.66

120 12.13  11.04

9. FURTHER COMMENTS AND CONCLUSIONS

In this paper, we proposed a novel approach, called the Complex Coupled Boundary Method
(CCBM), to solve a geometric inverse source problem governed by the two-dimensional time-
fractional diffusion equation. The CCBM method is based on a straightforward concept: the
coupling of Dirichlet and Neumann data through a Robin boundary condition. This is achieved
by defining the Robin boundary condition in a way that the Dirichlet and Neumann data
correspond to its respective real and imaginary parts. By doing so, the conditions that must
be satisfied on the accessible boundary are transformed into a single condition that needs to
be fulfilled on the domain itself.

From this idea, the inverse source problem is reformulated as an optimization problem that
aims to fit the imaginary part of the solution to the complex boundary problem using a least-
squares approach. Specifically, the unknown support of the space-dependent source is char-
acterized as the solution to a self-regularized topology optimization problem minimizing the
least-squares functional, with respect to the set of admissible sources, by using the topological
derivative method.

We have established the existence, stability, and regularization properties of the solution for
the optimization problem. Furthermore, we have demonstrated the uniqueness of the inverse
source problem. Additionally, the second-order topological derivative has been exploited for
devising a non-iterative reconstruction algorithm, which is free of initial guess, in the sense that
D = o (f =0), and very robust with respect to noisy data. As for the crucial regularization
issue, the topological derivative method for tracking-type functional has repeatedly been noticed
to be self-regularizing, which means they don’t need an additional regularization to stabilize
the detection process. However, it is important to mathematically prove this feature in the
present case.

From a theoretical standpoint, computing the second-order topological derivative of the cost
function K is simpler using the CCBM approach than the Kohn-Vogelius functional J from
(5) (see [65]). This is because the topological derivative expression for CCBM involves only
one equality constraint (corresponding to problem (38)), in addition to the objective function
KC. In contrast, the Kohn-Vogelius formulation requires two equality constraints corresponding
to a Neumann problem and a Dirichlet problem. From a numerical perspective, the CCBM
and Kohn-Vogelius methods are comparable in terms of computational cost and robustness
to noise. However, in the test case presented, the CCBM method shows a slight advantage.
Additionally, the proposed reconstruction algorithm for CCBM involves solving just one set
of complex boundary value problems, whereas the Kohn-Vogelius method requires solving two
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sets of boundary value problems, where each set has a number card(S) of BVPs to be solved
(card(S) = 181 in the numerical examples from Section 8).

A direct numerical comparison between CCBM and the methods of Rundell and Zhang [68]
and Hu and Zhu [36] is not feasible, as each method is built upon fundamentally different
strategies. Nonetheless, the following key distinctions can be noted:

e The methods in [36, 68] are iterative, whereas our proposed approach is non-iterative.

e Our method does not require an initial guess, unlike the approache in [36], which rely
heavily on the choice of the initial guess.

e Since the proposed method can accurately approximate the unknown support source
using multiple small balls, it can serve as an effective initial guess for other iterative
methods such as those studied in [36].

This article mainly focuses on topological sensitivity analysis and certain algorithmic aspects,
and hence, several important mathematical issues remain unaddressed. One such issue is the
stability of the inverse problem. To the best of our knowledge, the question of stability—either
Lipschitz or logarithmic—remains open and deserves further investigation. Moreover, while
the use of L?-norm or H'-seminorm misfit functionals has often been observed, and in some
cases even proven, to act as a form of self-regularization (see, for example, [1, 13, 16, 35]),
this property still requires a rigorous mathematical justification in the context of the present
work. It is also worth noting that the theoretical stability of first-order topological derivative
methods has been studied in the literature, notably by Ammari et al. [5, 7]. In particular,
they demonstrated that imaging functionals based on topological derivatives exhibit enhanced
robustness with respect to both measurement noise and medium perturbations, in comparison
with more classical imaging approaches.

APPENDIX A. SERIES EXPANSIONS FOR BESSEL FUNCTIONS

In this appendix, we provide the series expansions for modified Bessel functions of the first
and second kind, denoted by I, and K, respectively. The order of these functions is denoted
by ¢ € Z, and the expansions are valid as r — 0%.

The modified Bessel function of the first kind and order /¢, I,, has the following asymptotic
expansions:

() =1+ 3 + 5, To(r) = 06*) (108)
and
Li(r) = %T + 1—167"3 + I (r), L(r) = 0(r). (109)

The modified Bessel function of the second kind and order ¢, K, has the following asymptotic
expansions:

Ko(r)=(In2—¢) —Inr — 37“2 Inr + ;1(1 +1n2— e)r2 + f(o(r), Ko(r) = O(r4) (110)

and
1 1 1 1 1 1 - .
Ki(r) = ;—l—irlnr—i—é(e—an—§)T+Er3lnr+ﬁ(e—ln2—Z)r?’—f—Kl(r), Ki(r) = O((17“151)),

where e is the Euler number. These series expansions were obtained from Jeffrey and Dai [38].
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